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Lectures 13 and 14: ARV Analysis cont’d

In which we continue the analysis of the ARV rounding algorithm

We are continuing the analysis of the Arora-Rao-Vazirani rounding algorithm, which
rounds a Semidefinite Programming solution of a relaxation of sparsest cut into an
actual cut, with an approximation ratio O(y/log|V]).

In previous lectures, we reduced the analysis of the algorithm to the following claim.

Lemma 1 Let d(-,-) be a negative-type semimetric over a set V.= {1,... ,n}, let
X1, ..., X, € R™ be vectors such that d(i,j) = ||x; — x;||?, let g ~ R™ be a random
vector with a Gaussian distribution, and let Y; := (g, X;).

Suppose that, for constants ¢, and a parameter £, we have that there is a > 10%
probability that there are at least ¢'n pairs (i,7) such that d(i, j) < ¢ and |Y;=Y;| > o.

Then there is a constant co, that depends only on ¢ and o, such that
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1 Concentration of Measure

In the last lecture, we are have already introduced two useful properties of Gaussian
distributions: that there is a small probability of being much smaller than the stan-
dard deviation in absolute value, and a very small probability of being much larger
than the standard deviation in absolute value. Here we introduce a third property of
a somewhat different flavor.

For a set A C R"™ and a distance parameter D, define
Ap ={xeR":Jaec A. ||x—a|| < D}

the set of points at distance at most D from A. Then we have:



Theorem 2 (Gaussian concentration of measure) There is a constant ¢z such
that, for every e,6 > 0 and for every set A C R"™, if

P[A] > €

then
P[Ap| >1-0

for every D > c3-4/log %, where the probabilities are taken according to the Gaussian

measure in R™, that is P[A] = Plg € A], where g = (g1,...,9m) and the g; are
independent Gaussians of mean 0 and variance 1.

The above theorem says that if we have some property that is true with > 1%
probability for a random Gaussian vector g, then there is a > 99% probability that
g is within distance O(1) of a vector g’ that satisfies the required property. In high
dimension m, this is a non-trivial statement because, with very high probability ||g||
is about y/m, and so the distance between g and g’ is small relative to the length of
the vector.

We will use the following corollary.

Corollary 3 Let x1,...,X, be vectors in R™ and let dy. = maxj—s _n||x; — x1]|?.
Let g be a random Gaussian vector in R™, and let Y; = (x;,8). If, for some k and e,
we have

PEj. Y, Y12k =€

then

PE] Y} Y12k 03\/log 1/(6’7) ’ \/dmax] >1—-7

Proor: Let
A={g: 3. Y, -Yi>kl>¢

By assumption, we have P[A] > €, and so, by concentration of measure:
PEg" llg — &l < csv/logl/(ev) A g€ A >1—v
The even in the above probability can be rewritten as
T R 3 € (2} llg— gl < cagflog — AGx—x08) 2k
and the above condition gives us
k< (x; —x1,8)
= (x; —x1,8) +(x; —x1,8' — 8)
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< (xj —X1,8) + HX]' — x| Hg/—gH
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The (use of the) above statement is by far the most innovative part of the analysis of
Arora, Rao and Vazirani, so it is worth developing an intuitive feeling for its meaning.

Let’s say that we are interested in the distribution of ppax = maxj—s ,Y; — Y.
We know that the random variables Y; — Y; are Gaussians of mean 0 and standard
deviation at most v/dnax, but it is impossible to say anything about, say, the average
value or the median value of py.x without knowing something about the correlation
of the random variables Y; — Y;.

Interestingly, the above Corollary says something about the concentration of ppax
without any additional information. The corollary says that, for example, the first
percentile of py.x and the 99-th percentile of py.y differ by at most O(yv/dpax), and
that we have a concentration result of the form

P[’pmax - Hledian(pmax)‘ >t 4 /dmax] < e—ﬂ(tQ)

which is a highly non-trivial statement for any configuration of x; for which pya >>

V dmax .

2 Reworking the Assumption

Lemma 4 Under the assumptions of Lemma 1, there is a fized set C C [n], |C| >
lc—(l)n, and a set Mg of disjoint pairs {i, j}, dependent on g, such that, for every g and
for every pair {i,j} € Mg we have

d(i,j) < ¢
and
Yi-Yj[ >0
and for all 1 € C' we have

/

P[3j € C. {ij} € Mgl =

PROOF: Let Mg be the set of disjoint pairs promised by the assumptions of Lemma

1. Construct a weighted graph G = ([n], W), where the weight of the edge {1, 5} is
P[{i,j} € Mg]. The degree of every vertex is at most 1, and the sum of the degrees
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is twice the expectation of | M|, and so, by the assumptions of Lemma 1, it is at least
dn/b.

Now, repeatedly delete from G all vertices of degree at most ¢'n/20, and all the
edges incident on them, until no such vertex remains. At the end we are left with a
(possibly empty!) graph in which all remaining vertices have degree at most ¢'n/20;
each deletion reduces the sum of the degree by at most ¢’/10, and so the residual
graph has total degree at least ¢'n/10, and hence at least ¢'n/10 vertices [J

By the above Lemma, the following result implies Lemma 1 and hence the ARV Main
Lemma.

Lemma 5 Let d(-,-) be a semi-metric over a set C' such that d(u,v) < 1 for all
u,v € C, let {X,}oec be a collection of vectors in R™, such that d(i,j) := ||x, — Xu|[?
is a semimetric, let g be a random Gaussian vector in R™, define Y, := (g,x,), and
suppose that, for every g, we can define a set of disjoint pairs Mg such that, with
probability 1 over g,

V{u,v} € Mg. |Y, =Y, >0 A d(u,v) </

and

Vu € C. P[Fv{u,v} € Mg > ¢
Then

EZQEO' ;
-\ Vlog|C

3 An Inductive Proof that Gives a Weaker Result

In this section we will prove a weaker lower bound on ¢, of the order of 0 |1C|)% . We
og

will then show how to modify the proof to obtain the tight result.

We begin will the following definitions. We define the ball or radius r centered at u
as

B(u,r) :={v e C. d(u,v) <r}

We say that a point v € C has the (p,r,d)-Large-Projection-Property, or that it is
(p,r,0)-LPP if
P| max Y, —Y, >p| >0
vEB(u,r)

Lemma 6 Under the assumptions of Lemma b, there is a constant ¢4 > 0 (that
depends only on € and o) such that for allt < c4 - \/LZ’ at least (g)til -|C| elements of
C have the (t%, tl,1 — i) Large Projection Property.
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Proor: We will prove the Lemma by induction on t. We call C; the set of elements
of C that are (tZ,t(,1— £)-LPP

Let Mg be the set of ordered pairs (u,v) such that {u,v} € Mg and Y, > Y,, and
hence Y, — Y, > 0. Because g and —g have the same distribution, we have that, for
every i € C, there is probability > €/2 that there is a v such that (u,v) € M’ (a fact
that we will use for the base case), and also probability > €/2 that there is a v such
that (v,u) € M (a fact that we will use in the inductive step).

For the base case t = 1, we have, by the above observations, that, for every u € C'

[NRINe

IED{ max K,—YUZO'} >
vEB(u,f)

and, by concentration of measure

8 €
Y,-Y,>0— log—=V/{| >1— -
Pl Yoz ol 21

where we applied the concentration of measure result to B(u, ). We will choose ¢4
so that

8
c3/log 6—2\@ <

ol 9

and so we have the base case.

For the inductive case, define the function F' : C; — C' (which will be a random
variable dependent on g) such that F'(v) is the lexicographically smallest w € B(v, tf)
such that Y, — Y, > o if such a w exists, and F'(v) = L otherwise. The definition of
Cy is that P[F(v) # L] > 1 —¢/4 for every v € C}, and the inductive assumption is
that |Cy| > |C| - (¢/8)"1 .

By a union bound, for every v € Cy, there is probability at least €/4 that there is
an v € C such that (u,v) € My and F(v) = w # L. In this case, we will define
F'(u) = w, otherwise F'(u) = L.

Note that the above definition is consistent, because Mé is a set of disjoint pairs, so
for every u there is at most one v that could be used to define F’(u). We also note
that, if F'(u) =w # L, then

Yo—Y, > (t+1)-=+= A du,w)<({t+1)-(

2ol Q
| Q

and
€
S P[F(u) £ L] = > [F(v) # LA Tu(u,v) € MY > |Cy -~
ueC veCy
Now we can use another averaging argument to say that there have to be at least

|Cy| - § elements u of C such that

PIF(u) £ 1] > £ - 1G] <§>t



Let us call Cyyy the set of such element. As required, [Crpi| > |Cyf - § > |C - (¢/8)".

By applying concentration of measure, the fact that, for every u € Cy,; we have

o o e\t
Y,—-Y,>t+1Z+2 >(_)
P [wEB{ﬁ%ﬁﬁl)-@) > (t+ )2 + 2} —\8

implies that, for every u € C}yq

ViE+1) ¢ 21_2

o o 4.8t
Yo—-Y, > (t+1)=+ = — 1
P [weB%,z(afil)-Z) = (4 )2 + 2 G\ o8 ettl

and the inductive step is proved, provided

%203 (75—1—1)-10g§ (t+1)-¢
€

which is true when .
t+1< S

2¢34/log 8 /€ Vi

a

—F— [
2¢34/log8/¢

Applying the previous lemma with ¢ = ¢;/v/¢, we have that, with probability Q(1),
there is a pair u,v in C' such that

which proves the lemma if we choose ¢4 =

Y, - Y, > Q(1/V1)

and

d(u,v) < O(V0)

but we also know that, with 1 — o(1) probability, for all pairs 4,7 in C,
Y, = Yul* < O(log [C]) - d(i, 5)

and so

implying

w(m)



4 The Tight Bound

In the result proved in the previous section, we need 7, which is a constant, to be
bigger than the loss incurred in the application of concentration of measure, which
is of the order of tv/£. A factor of v/t¢ simply comes from the distances between the
points that we are considering; an additional factor of v/t comes from the fact that

we need to push up the probability from a bound that is exponentially small in .

The reason for such a poor probability bound is the averaging argument: each element
of C; has probability Q(1) of being the “middle point” of the construction, so that
the sum over the elements h of C' of the probability that h has F’(h) # L adds up
to Q(|Cy]); such overall probability, however, could be spread out over all of C, with
each element of C' getting a very low probability of the order of |Cy|/|C|, which is
exponentially small in ¢.

Not all elements of C', however, can be a h for which F’(h) # L; this is only possible
for elements h that are within distance ¢ from C;. If the set I'y(C;) == {h : Ji €
Cy = d(i,h) < £} has cardinality of the same order of Cy, then we only lose a constant
factor in the probability, and we do not pay the extra v/t term in the application of
concentration of measure. But what do we do if I',(C;) is much bigger than C;? In
that case we may replace Cy and I';(C}) and have similar properties.

Lemma 7 Under the assumptions of Lemma 5, if S C C' is a set of points such that
for every v € S

}P[ max Yw—Yva] > €
weEB(v,d)

then, for every distance D, every k > 0, and every u € I'p(5)

IP{ max Y, — Y, Zp—\/ﬁ-k:} 26—6_k2/2
weB(u,d+D)

That is, if all the elements of S are (p,d,€)-LPP, then all the elements of I'p(S) are
(p—kvVD,d+ D,e— e */2)-LPP.

PROOF: Ifu € T'p(9), then thereis v € S such that d(u,v) < D, and, with probability
1 — e %/2 we have Y, — Y, < /D - k. The claim follows from a union bound. [J

Lemma 8 Under the assumptions of Lemma 5, there is a constant c¢5 > 0 (that
depends only on € and o) such that for allt < cs - %, there is a set C; C C such that

VA
|Cy| > |C| - (¢/8)Y, every element of Cy is <t~ % (Qt + logs %) 01— i) -LPP,

and 8
Tu(Col < 2l



PRrROOF: The base case t = 1 is already established in the proof of Lemma 6, and the
additional condition is trivially satisfied because C; = C, and so I';(Cy) = C}.

For the inductive step, we define F'(-) and F'(-) as in the proof of Lemma 6. We have
that if F'(u) = w # L, then

Yw—Yuzt-%+a,

d(u, w) < <2t+log ’Cl) A+1,

and

S PF(u) £ L] = > [F(v) # LA Ju(u,v) € My > |Cy - i

ueC veCly

Now we can use another averaging argument to say that there have to be at least
|Cy| - § elements u of C such that
s 2
> —

TG 64
Let us call C w1 the set of such elements.
Define C! +)1 =T (Ot(9r)1) C’ti)l = Fg(C’t( +)1) and so on, and let £ be the first time such
that |C’t(_’?f1 | < e|C’t(_’i1|. We will define Cy44 := C’t(_]i)l. Note that

N N g\ k1t
|Ciy1| > (E) . |Ct(—?-)1| > (Z) |G| > (E) C]

which implies that £ <t + 1.

PIF'(u) # L] 2

OOIm

We have |Cyiq| > ]Ct(?rl\ > 5|Cy| so we satisfy the inductive claim about the size of

C. Regardlng the other properties, we note that Cy,; C Fu(ct( 1), and that every

2
(t%—i—a, <2t+1+10g8 |C|> /0. —) _ LPP

element of C’t 1 18

ViECt(ﬂ)l.IP{HyeC’Y Y>tZ+a/\d(ZJ) (2t+1+1g’

Cy €
g > =
)=

so we also have that every element of C}; is

g | t|
t— A+1+Ek+1 -l — LPP
(4*2( TR rcw) 128)

8



provided

12
—2\/210g—28~k€
€

which we can satisfy with an appropriate choice of ¢4, recalling that £ <t¢ + 1.

Then we apply concentration of measure to deduce that every element of C;,q is

o |CY| €
d %4 14+k+1 e1-S)—Lpp
(4*4(***"g |C|) / 4)

provided that

12
log5 (Qt—l—l—i-k:—i-logs |Ct|) l

Mq

which we can again satisfy with an appropriate choice of ¢4, because k£ < t 4+ 1 and

logs ‘| Cf‘l is smaller than or equal to zero.

Finally,

1Gi
e

|Ca

€l

2t + 1+ k + logs < 2t + 2+ logs

because, as we established above,

] k—1
cal 2 ()1

O

By applying Lemma 8 with ¢ = (1/¢), we find that there is (1) probability that
there are 7, 7 in C' such that
Y- i > Q(1/0)

d(i,j) <1
|Y; = Yj|* < O(logn) - d(i, )
which, together, imply

=0 (75es)
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