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Lecture 8: Spectral Algorithms Wrap-up

In which we talk about even more generalizations of Cheeger’s inequalities, and we
analyze the power method to find approximate eigenvectors, thus having a complete
description of a polynomial-time approximation algorithm for sparsest cut

1 Irregular Graphs

For simplicity, we proved our results on Ay and A, for regular graphs. Those results
extend, essentially with the same proofs, to the case of irregular undirected graphs.
In an irregular graph G = (V, E), the notion that generalizes edge expansion is called
conductance. If d, is the degree of vertex v, then the conductance of set S of vertices
is

o18) = T2

We will call the sum of the degrees of a set of vertices the volume of the set, and
denote it vol(S) := > .¢dy. The conductance of the graph G is

¢(G) == min ¢(5)

Swwol(S)<vol(V)

Higher-order conductance is defined as higher-order expansion, but with conductance
replacing expansion in the definition.

The Cheeger inequalities

% < 6(G) < V2N

still hold, with the same proof. With some abuse of notation, we will call the following
quantity the Rayleigh quotient of x

. Z{u,v}GE(xu - xU)Q
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even if, technically, it is the Rayleigh quotient of D'/?x, where D is the diagonal
matrix of degrees.

We can also adapt the proof of the higher-order Cheeger inequality to show

2 More Cheeger-type Bounds

We proved that if (Sp,V — Sp) is the cut found by Fiedler’s algorithm using the
eigenvector of A\, then

QS(SFaV_SF) S 2\/ ¢<G)

which is a good bound, although it usually underestimates the quality of the solutions
found in practice. (There are graphs, however, for which the above inequality is tight
within a constant factor.)

One case in which we can improve the analysis is when there are not too many
eigenvalues close to Ao

Theorem 1 There is a constant ¢ such that, if (Sp,V — Sp) is the cut obtained by
Fiedler’s algorithm using an eigenvector for Ay, then, for every k > 2,

A
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So we have

ok
¢(Sp,V = Sp) < 2¢- $(G) - min Now

which is a better bound for families of graphs in which, for some k, A\ >> k?)\,.

We will not have time to prove Theorem 1, but we will state the two main pieces of
its proof.

Lemma 2 Let x € Rgo be a non-negative vector. Then, for every k, there is a
non-negative vector'y € R‘z/o whose entries take at most 2k distinct values and such
that

R;(x
||x—y||2s%||x||2



That is, if Rp(x) >> A, then there are 2k values such that most entries of x are
close to one of those 2k values.

Lemma 3 There is a constant ¢ such that, for every non-negative vectors x € Rgo
andy € R‘Z/O, if v is such that its entris contain only k distinct values, then there is
a threshold t > 0 such that

oo sz ) <k (Ruo) + v/ - )

The above lemma should be compared to the fact, which was a major piece in the
proof of Cheeger’s inequality, that if x € R‘z/o is an arbitrary non-negative vector,
then there is a threshold ¢ > 0 such that

¢({v:ay > 1}) < V2RL(X)

One obtains Theorem 1 in the following. Start from an eigenvector x of A\; and, using
the first step in the proof of Cheeger’s inequality, obtain a vector x' € RY, with
non-negative entries such that Ry (x’) < Ry (x) = Ay and such that the support of x
contains at most |V'|/2 vertices.

Use Lemma 2 to find a vector y with non-negative entries and with at most 2k distinct
values among its entries such that [[x’ — y|[> < $2[|x/|[*. Then use Lemma 3 and the
fact that A\, < 2 to conclude that there exists at ¢ > 0 such that

o({v: 2, > 1)) < O(k) jA_

The set {v : 2/, > t} contains at most |V|/2 vertices, it is one of the cuts considered
by Fiedler’s algorithm on input x.

Another property of graphs in which ), is large for small & is that they contain large
expanders as induced subgraphs.

Theorem 4 There is a constant ¢ such that, for every graph G and every k, there
exists a partition of the vertices into £ < k sets (Sy...,S;) such that, if we call G;
the subgraph induced by the vertex set S;, we have
Ak
¢Gi Z Cﬁ
Theorem 5 If ¢ > (14€)gy, then there is a partition of the vertices into k subsets
(S1,..., Sk such that

€
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3 The Power Method

Earlier in this class, we showed that, if G = (V, E) is a d-regular graph, and L is
its normalized Laplacian matrix with eigenvalues 0 = A; < Ag... < A\, given an
eigenvector of Ay, Fiedler’s algorithm finds, in nearly-linear time O(|E|+ |V|log|V]),
a cut (S,V —5) such that ¢(S5) < 2/¢(G).

More generally, if, instead of being given an eigenvector x such that Lx = Ayx, we
are given a vector x 1 1 such that xTLx < (Ay + €)x!x, then the algorithm finds a
cut such that ¢(5) < \/4¢(G) + 2e. We will now see how to compute such a vector

using O(([V| + |E]) - L - log @) arithmetic operations.

A symmetric matrix is positive semi-definite (abbreviated PSD) if all its eigenvalues
are nonnegative. We begin by describing an algorithm that approximates the largest
eigenvalue of a given symmetric PSD matrix. This might not seem to help very much
because because we want to compute the second smallest, not the largest, eigenvalue.
We will see, however, that the algorithm is easily modified to accomplish what we

want.

3.1 The Power Method to Approximate the Largest Eigen-
value

The algorithm works as follows

Algorithm Power
Input: PSD matrix M, parameter k

e Pick uniformly at random x¢ ~ {—1,1}"

e fori:=1tok
X; Z:M'Xz'_l

e return X

That is, the algorithm simply picks uniformly at random a vector x with +1 coordi-
nates, and outputs M*x.

Note that the algorithm performs O(k - (n 4+ m)) arithmetic operations, where m is
the number of non-zero entries of the matrix M.

Theorem 6 For every PSD matriz M, positive integer k and parameter e > 0, with
probability > 3/16 over the choice of Xq, the algorithm Power outputs a vector X
such that



T
x5, Mxy, 1
> M- (1—¢€)-
xIx, = (1-¢) 1+ 4n(1l —€)?

where Ay s the largest eigenvalue of M.

Note that, in particular, we can have k = O(logn/e) and xzﬁ:’“ > (1—=0(e)) - A1

Xk

Let \y > --- )\, be the eigenvalues of M, with multiplicities, and vy,...,v, be a
system of orthonormal eigenvectors such that Mv; = \;v;. Theorem 6 is implied by
the following two lemmas

Lemma 7 Let v € R" be a vector such that |[v|| = 1. Sample uniformly x ~
{=1,1}". Then

Pl 2 5] 2 3

Lemma 8 For every x € R", for every positive integer k and positive € > 0, if we
define y := M¥*x, we have

T 2 -1
y' My 1| 2%
>AN-(1l—¢)- |1 1-—
yTy - 11 ( E) ( + <X, V1>2 ( 6)
It remains to prove the two lemmas.
ProoF: (Of Lemma 7) Let v = (v1,...,v,). The inner product (x,v) is the random

variable

S = Z ZT;U;

Let us compute the first, second, and fourth moment of S.

ES =0
ES* =) v =1
ES4:3(§:ﬁ>—2§:@%g3



Recall that the Paley-Zygmund inequality states that if Z is a non-negative random
variable with finite variance, then, for every 0 < 9 < 1, we have

, (EZ2)

> > —
PZ>0EZ) > (1-0) -

(1)

which follows by noting that

EZ =E[Z - lzcspz) +E|Z - 125512 ,

that

EZ - 1zc552] <dEZ,

and that

E[Z -1z5552] < VEZ? - \/Elz>s52

= VEZ*\/P[Z > $E 7]

We apply the Paley-Zygmund inequality to the case Z = S? and § = 1/4, and we
derive

O

Remark 9 The proof of Lemma 7 works even if x ~ {—1,1}" is selected according to
a 4-unse independent distribution. This means that the algorithm can be derandomized
in polynomial time.

PrOOF: (Of Lemma 8) Let us write x as a linear combination of the eigenvectors
X=aVvy+- -+ a,vy
where the coefficients can be computed as a; = (x,v;). We have
_ o, \k k
Y = @AV + s+ ap AV

and so



y' My =Y aix*t!

and

y y = ZCLZ)\Zk:

We need to prove a lower bound to the ratio of the above two quantities. We will
compute a lower bound to the numerator and an upper bound to the denominator in
terms of the same parameter.

Let ¢ be the number of eigenvalues larger than A; - (1 — €). Then, recalling that the
eigenvalues are sorted in non-increasing order, we have

TMy>Za2)\2k+1 >)\ 1—6 ZCLQ)\Qk

We also see that

n
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So we have

giving




Remark 10 Where did we use the assumption that M is positive semidefinite? What
happens if we apply this algorithm to the adjacency matriz of a bipartite graph?

3.2 Approximating the Second Largest Eigenvalue

Suppose now that we are interested in finding the second largest eigenvalue of a given
PSD matrix M. If M has eigenvalues Ay > Ay > --- \,, and we know the eigenvector
vy of A9, then M is a PSD linear map from the orthogonal space to v; to itself, and A,
is the largest eigenvalue of this linear map. We can then run the previous algorithm
on this linear map.

Algorithm Power2
Input: PSD matrix M, vector v; parameter k

e Pick uniformly at random x ~ {—1,1}"
e Xg:=X— vy (X,Vq)

o fori:=1tok
X I:M'Xi,1

e return xy

If vq,...,v, is an orthonormal basis of eigenvectors for the eigenvalues Ay > --- > A\,
of M, then, at the beginning, we pick a random vector

X = a1V] + asvo + -+ -y Vy,

that, with probability at least 3/16, satisfies |as| > 1/2. (Cf. Lemma 7.) Then we
compute xg, which is the projection of x on the subspace orthogonal to vy, that is

Xo) = AoVo + - ApVy

Note that ||x||? = n and that ||xo||* < n.

The output is the vector x;

k k
X = QaA5Va + -+ A\, Vy,

If we apply Lemma 8 to subspace orthogonal to vy, we see that when |as| > 1/2 we
have that, for every 0 < e < 1,

T

x5, Mxy, 1
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xIx, =77 (1-¢) 4n(1 — €)%

We have thus established the following analysis.



Theorem 11 For every PSD matriz M, positive integer k and parameter € > 0, if vq
is a length-1 eigenvector of the largest eigenvalue of M, then with probability > 3/16
over the choice of xg, the algorithm Power2 outputs a vector x;, L vy such that

T

x5, Mx, 1
>N (1—e€)-

xXFx, 2+ (1=¢) 1+4n(1 —¢)?k

where Ay is the second largest eigenvalue of M, counting multiplicities.

3.3 The Second Smallest Eigenvalue of the Laplacian

Finally, we come to the case in which we want to compute the second smallest eigen-
value of the normalized Laplacian matrix L = I — éA of a d-regular graph G = (V, E),
where A is the adjacency matrix of G.

Consider the matrix M =2 — L =1+ éA. Then if 0 = X\ < ... <\, <2 are the
eigenvalues of L, we have that

2=2-M22—-X2>---22-)X,20

are the eigenvalues of M, and that M is PSD. M and L have the same eigenvectors,
and so vy = \/LE(L ..., 1) is a length-1 eigenvector of the largest eigenvalue of M.

By running algorithm Power2, we can find a vector x such that

xIMxT > (1—¢€)-(2—X\)-x'x
and
xT MxT = 2xTx — xTLx
so, rearranging, we have

T
x* Lx

T S)\2+26
xT'x

If we want to compute a vector whose Rayleigh quotient is, say, at most 2)y, then
the running time will be O((|V| + |E|)/A2), because we need to set € = A\2/2, which
is not nearly linear in the size of the graph if A, is, say O(1/|V]).

For a running time that is nearly linear in n for all values of A\, one can, instead,
apply the power method to the pseudoinverse L™ of L. (Assuming that the graph is
connected, L*x is the unique vector y such that Ly = x, if x L (1,...,1),and LTx =
0 if x is parallel to (1,...,1).) This is because L* has eigenvalues 0,1/Xs, ..., 1/\,,
and so Lt is PSD and 1/, is its largest eigenvalue.

Although computing LT is not known to be doable in nearly linear time, there are
nearly linear time algorithms that, given x, solve in y the linear system Ly = x,



and this is the same as computing the product L*x, which is enough to implement
algorithm Power applied to LT.

(Such algorithms will be discussed in the third part of the course. The algorithms
will find an approximate solution y to the linear system Ly = x, but this will be
sufficient. In the following, we proceed as if the solution was exact.)

In time O((V + |E|) - (log |V'|/€)°M), we can find a vector y such that y = (L*)*x,
where x is a random vector in {—1,1}", shifted to be orthogonal to (1,...,1) and
k = O(log|V|/e). What is the Rayleigh quotient of such a vector with respect to L7

Let vq,...,v, be a basis of orthonormal eigenvectors for L and LT. If 0 = \; < Xy <
.-« < )\, are the eigenvalues of L, then we have

LV1 = L+V1 =0

and, for i = 1,...,n, we have

1
A% A% )\

%

Write x = agvy + -+ - a,v,, where ) . a? < n, and ssume that, as happens with
>

probability at least 3/16, we have a3 }L. Then

and the Rayleigh quotient of y with respect to L is

2 1

T ;A R
y Ly _ ~i7iy
T - 2 1

vty M

and the analysis proceeds similarly to the analysis of the previous section. If we let ¢
be the index such that Ay < (1+¢€)-Ay < gy then we can upper bound the numerator
as

1 1 1
2 2 2
E a; —— < E a; + E a;
)\?k_l )\?k_l (1+ 6)2’“*1)\31‘3_1

7 i<l i>{
1 1
= E 1 y2k—1 —1\2k—-1
i<t )\z (1 + G)Zk 1>\2
1 1
< E a2 + - 4dna?
= i\ 2k—1 k—112k—1 2
i<¢ >‘z (1 + 6)2 1/\2
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< (i) Lo

i<t

and we can lower bound the denominator as

Z a; Qk—zaz VI
A; A;

i<t
2
1 +e€) Z )\%

and the Rayleigh quotient is

4n
<\ -(1 1y —
yTy =72 1+9 < +(1+6)2’“‘1
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