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ABSTRACT

We prove some non-approximability results for restri tions
of basi ombinatorial optimization problems to instan es of
bounded \degree" or bounded \width." Spe i ally:

 We prove that the Max 3SAT problem on instan es
where ea h variable o urs in at most B lauses,
p is hard

to approximate to within a fa tor 7=8+ O(1= B ), unless RP = NP . Hastad [18℄ proved that the problem is
approximable to within a fa tor 7=8+1=64B in polynomial time, and that is hard(1)to approximate to within
a fa tor 7=8 + 1=(log B ) . Our result uses a new
randomized redu tion from general instan es of Max
3SAT to bounded-o urren es instan es. The randomized redu tion applies to other Max SNP problems as
well.

 We observe that the Set Cover problem on instan es

where ea h set has size at most B is hard to approximate to within a fa tor ln B O(ln ln B ) unless
P = NP . The result follows from an appropriate setting of parameters in Feige's redu tion [11℄. This is
essentially tight in light of the existen e of (1 + ln B )approximate algorithms [20, 23, 9℄

 We present a new PCP onstru tion, based on apply-

ing parallel repetition to the \inner veri er," and we
provide a tight analysis for it. Using the new onstru tion, and some modi ations to known redu tions from
PCP to Hitting Set, we prove that Hitting Set with
sets
of size B is hard to approximate to within a fa tor
B 1=19 . The problem an be approximated to within a
fa tor B [19℄, and it is the Vertex Cover problem for
B = 2. The relationship between hardness of approximation and set size seems to have not been explored
before.
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 We observe that the Independent Set problem on
graphs having degree at most
p B is hard to approximate
to within a fa tor B=2O( log B) , unless P = NP . This
follows from a ombination of results by Clementi and
Trevisan [10℄, Samorodnitsky and Trevisan [28℄ and
Reingold, Vadhan and Wigderson [27℄. It had been
observed that the problem
is hard to approximate to
within a fa tor B (1) unless P = NP [1℄. An algorithm a hieving a fa tor O(B log log B= log B ) is also
known [21, 2, 30, 16℄.

1. INTRODUCTION

We onsider four fundamental ombinatorial optimization problems (Max 3SAT, Set Cover, Hitting Set, Independent Set), and we onsider the restri tion of the problems to instan es where a \degree" or \width" parameter
is bounded by a onstant. Su h restri ted problems are
known to admit better approximation algorithms than the
general versions, the quality of the approximation being related to the value of the degree/width parameter. There
is, indeed, an extensive body of algorithmi work devoted
to su h restri ted problems, but the existen e of mat hing
non-approximability results seems to have been largely unexplored. In this paper we prove strong (in some ases, almost tight) non-approximability results for su h restri ted
problems. The results for Set Cover and Independent Set
are impli it in previous work (but we nd it useful to spell
them out expli itly for the re ord). Our main ontributions
are for Max 3SAT (where we introdu e a new randomized
redu tion from general instan es to instan es with bounded
o urren es of variables) and for Hitting Set (that involves
a new PCP onstru tion).
Max 3SAT with bounded occurrences

For the Max 3SAT problem, the parameter of interest is an
upper bound on the number of lauses in whi h a variable
an appear. We onsider the Max E3SAT problem (i.e. the
version of Max 3SAT where ea h lause ontains exa tly 3
variables) where no variable o urs in more than B lauses;
Hastad [18℄ proved that this problem an be approximated
to within a fa tor 7=8+O(1=B ). For onstant B this is better
than what is possible for the general Max E3SAT problem,
for whi h no approximation algorithm with performan e ratio 7=8+ ,  > 0, an exists, unless P = NP [17℄. It was also
known that the problem is Max SNP-hard even for small B
[25℄, and Hastad [18℄ observed that there is a onstant > 0
su h that it is NP-hard to a hieve an approximation ratio
of the form 7=8 + 1=(log B ) . In Se tion 2 we improve this

p

hardness result to 7=8 + O(1= B ). Our redu tion shows
in general that an arbitrary instan e of Max 3SAT (or, in
parti ular, an arbitrary instan e of Max E3SAT) an be onverted to an instan e where no variable o urs more than B
times, in su h a way that any -approximate
solution for the
p
new instan e yields a ( O(1= B ))-approximate solution
for the original instan e. The redu tion (that is randomized, and works with onstant probability) applies to other
onstraint satisfa tion problems as well.
Set Cover with sets of bounded size

For Set Cover, the natural parameter of interest is the size of
the sets. The standard greedy algorithm a hieves an approximation ratio of 1 + ln B , if B is an upper bound on the size
of the sets [20, 23, 9℄. If sets an have arbitrary size then the
greedy algorithm a hieves at least an approximation 1+ln n,
where n is the size of the instan e, and Feige [11℄ proved
that, for any  > 0, it is infeasible to a hieve a (1 ) ln n
approximation, unless NP has quasi-polynomial time algorithms. It was also known that the problem remains Max
SNP-hard even if B = 3, however it seems that the asymptoti relation between B and approximability has not been
expli itly explored. We note that it is impli it in [11℄ that
there is a onstant su h that it is NP -hard to a hieve an
approximation better than ln B ln ln B .
Hitting Set with sets of bounded size

For Hitting Set, again the natural parameter of interest is
set size. (By the way, re all that Hitting Set with sets of
size at most B is the same problem as Set Cover with the
restri tion that no element appears in more than B sets.)
If B is an upper bound on the size of the sets, the best
known approximation a hieves a fa tor of B [19℄, however
if the size of the sets is unbounded, than it is possible to
a hieve an approximation 1 + ln n, where n is the size of
the instan e. (The unrestri ted version of Hitting Set is the
same problem as the unrestri ted version of Set Cover.) It
is on eivable that an approximation ratio of B is the best
possible, however urrent te hniques are still far from being able to prove su h a result. In parti ular, re all that
Vertex Cover is the spe ial ase of Hitting Set where B = 2,
and urrently the strongest known hardness result for Vertex
Cover is a fa tor of 7=6. It is possible, from known redu tions, to prove a hardness result of the form B , for some
onstant > 0 that would be presumably very small { and
hard to gure out. Hardness results for Set Cover or Hitting Set depend, as a starting point, on PCP onstru tion
where the veri er makes a small number of queries (ideally,
two), re eives l-bits long answers (where l is a parameter of
the onstru tion); the veri er must have perfe t ompleteness and soundness 2 (l) . Hastad [17℄ gives su h a veri er
that works for onstant (or slowly growing) l (whi h is good
enough lfor our purposes), makes 3 queries, and has soundness 2 ; unfortunately the veri er does not have perfe t
ompleteness and is unsuitable for these redu tions. The
best available onstru tion is due to Raz [26℄; the veri er
makes two queries (and de ides whether to a ept or reje t
in a parti ularly simple way, whi h is useful in thel redu tion), has perfe t ompleteness, and soundness 2 , where
> 0 is some onstant. Unfortunately there are no known
expli it estimates for , and it is likely to be very small.
We onstru t a new PCP system where the veri er makes
3 queries, has perfe t ompleteness, and soundness (3=4)l .

Our system is obtained by running l parallel repetitions of
a inner veri er due to Hastad [17℄. Hastad's veri er makes
three queries, gets Boolean answers, has perfe t ompleteness, and soundness 3=4. We 1show that exe uting l opies
of that veri ation in parallel gives an inner veri er with
soundness (3=4)l . An inner veri er is a testing pro edure for
a ertain oding-theoreti problem. When omposed with
other veri ers, an inner veri er yields a PCP system with
about the same soundness, so, byl omposition, we get a PCP
system of soundness lose (3=4) . We stress that it matters
that we do not apply parallel repetition to the PCP system
of [17℄, but rather to the inner veri er. It is probably not
true that an l-fold parallel repetition of the PCP system of
[17℄ has soundness lose to (3=4)l .
On e we have our PCP system, we want to redu e it to Hitting Set. The Lund-Yannakakis [24℄
redu tion from PCP to Set Cover (and generalizations/improvements/simpli ations as in [7, 11, 5℄) requires
the PCP system to have a parti ular way of de iding whether
to a ept or reje t after making its queries. Roughly speaking, the value of the answer to one of the queries must \imply" the value of the answers to the other queries. In Se tion
5 we des ribe a redu tion that, to the best of our knowledge,
is the rst one to work starting from an arbitrary PCP system. Using our redu tion and our PCP system we are able
to prove that Hitting
Set is hard to approximate to within
a fa tor of about B 1=19 , where B is an upper bound on set
size.
Independent Set in bounded-degree graphs

For the Independent Set problem, a natural restri tion is to
onsider graphs of bounded degree. For graphs of maximum
degree B the problem is known to be approximable to within
a fa tor O(B log log B= log B ), as proved by Vishwanathan
[30℄ (in a personal ommuni ation to Haldorsson ited in
[16℄) using results from [21, 2℄. A hardness result of the
form B for some > 0 was proved in [1℄.
We observe
2 it is possible to
that ombining results of [10℄,
[28℄
and
[27℄
p
prove a hardness of B=2O( log B) . This result is presented
in Se tion 6
Other related work

Finally, we stress that the fo us of this paper is ex lusively
on the asymptoti relation between hardness of approximation and degree/width parameters.
Typi ally, the fo us of previous resear h on the hardness
of bounded degree/width problems has been on the ase
of very small value of the bound parameter, typi ally the
minimal value that makes the problem NP-hard. For example, onsiderable e ort has gone into guring out the
non-approximability of vertex over and independent set in
graphs of maximum degree 3 or 4, or of Max 3SAT and other
onstraint satisfa tion problem where ea h variable o urs a
small number of times (see [8℄ and referen es therein). The
1 To be pre ise, our inner veri er di ers in a ouple of subtle ways from an a tual l-fold parallel repetition of Hastad'
veri
er, and both di eren es are essential for the analysis.
2 Spe i ally, [28℄ provide the PCP system to start with,
[10℄ provide a variation of the FGLSS redu tion [12℄ that
produ es bounded-degree graphs, and [27℄ give an expli it
onstru tion of expanders to be used in the redu tion, thus
making the redu tion deterministi rather than probabilisti .

interest in su h spe ial ases is that they are useful as intermediate steps in redu tions to other important problems.
Our redu tions do not work if the goal is to obtain instan es
with very small degree-width parameters, and our results
are in omparable with the results of [8℄.
Even though the ase of small parameters is perhaps better motivated, the asymptoti ases deserved some further
study. As far as we know, the only previous papers with an
asymptoti angle are [1℄ and [10℄, that onsidered the hardness of independent set and vertex over in bounded-degree
graphs, as a fun tion of the degree.
2.

MAX 3SAT

Our starting point is the following hardness of approximation result, due to Hastad (re all that Max E3SAT is the
version of Max SAT where ea h lause ontains exa tly 3
literals).
Theorem 1 ([17℄). For every Æ > 0, it is NP -hard to

distinguish a satis able instan e of Max E3SAT from an instan e where at most a fra tion 7=8 + Æ of the lauses an
be simultaneously satis ed.

Let a (suÆ iently large) parameter B be xed for the rest
of this se tion. We will start from an instan e ' of Max
E3SAT and produ e, in several steps (one step will be a
randomized pro edure), an instan e 'B with the following
properties:
 No variable o urs in more than B lauses of 'B
 If ' is satis able, then 'B is satis able
 With probability at least 3=4 o(1) over the random
hoi es made in the onstru tion of 'B , if there ispan
assignment that satis es at least a fra tion 7=8+5= B
of the lauses of 'B , then there is anp assignment that
satis es at least a fra tion 7=8 + 1= B of the lauses
of '.
It follows from the above properties
and from Theorem 1
p
that if there were a (7=8 + 5= B )-approximate algorithm
for Max E3SAT restri ted to instan es with at most B o urren es, then RP = NP .
The onstru tion of 'B will pro eed in three steps: we
rst onstru t a weighted instan e 'w that is ompletely
equivalent to '; then we probabilisti ally onstru t an instan e 'R by sampling lauses from 'w . We will then show
that with high probability, every assignment satis es more
or less the same fra tion of lauses in 'w and 'R . Also with
high probability, in 'R most variables o ur no more than
B times, and we reate our nal instan e 'B by deleting
some lauses from 'R , so as to make sure that no variable
o urs more than B times. Even after the deletion, there is
still a high probability that every assignment satis es more
or less the same fra tion of lauses in 'w and in 'B .
So, let ' be an instan e of Max 3SAT made of lauses
C1 ; : : : ; Cm over variables x1 ; : : : ; xn . Let us denote by oi
the number of lauses wherejvariable xi o urs. Let us also
introdu e oi new variables yiP
, with j 2 f1; : : : ; oi g for ea h
variable xi of '. Let N = i oi = 3m be the number of
su h variables.
The instan e 'w is over variables fyji g. For ea h lause
C of ', with variables fxa ; xb ; x g, the formula 'w ontains

oa ob o opies of C , ea h one having weight 1=oa ob o , and
ea h one featuring
one of the possible substitution of xa by
ajvariable yaj1 , of xb by a variable ybj2 and of x by a variable
y 3 . If ' is satis able, then learly 'w is satis able. Suppose that there is an assignment to the variables fyij g that
satis es lauses in 'w of total weight k. Then onsider the
random assignment to the variables fxi g where xi is given
value TRUE with probability proportional to the number
of variables fyij g that have value TRUE in the original assignment. One an verify that k is the average number of
lauses of ' that is satis ed by su h a random assignment.
Hen e, if there is an assignment for the variables in 'w that
satis es lauses of total weight at least k, then there is an
assignment for the variables in ' that satis es at least k
lauses.
The random formula 'R is de ned by the following proess: independently for (B=e2 )N times, pi k at random a
lause from 'w , with probability
proportional to its weight.
Consider ea h variable yij . In 'w , it o urred in lauses
of total weight 1, and the total weight of all lauses was
m. It follows that in the distribution that we use to sample
the lauses of 'R , there is a probability 1=m that yji be
sampled ea h time. On average, then, ea h variable y o urs
in B=e2 lauses. Furthermore, the probability that it o urs
in k  B lauses is at most e k (we are using the Cherno
bound stated as Lemma 9). Sin e we want no variable to
o ur in more than B lauses, if y is su h that it o urs in
more than B lauses, we will delete some, so that, after the
deletion, y o urs in B lauses. This deletion pro ess reates
the nal instan eP'B . The average number of lauses deleted
for y is at most k>B (k B )e k < 1 for suÆ iently large
B . Hen e, the average number of deleted lauses is at most
N . With probability at least 1 1=4, we will not delete
more than 4N lauses. Just to make al ulations easier,
we repla e ea h deleted lause with a lause made of fresh
variables. The new lauses are always trivially satis able,
and variables in the new lauses o ur exa tly on e.
Observe that if 'w is satis able, then with probability 1
we have that 'R is satis able and that 'B is satis able (by
the same assignment).
Consider now an arbitrary assignment a to the fyji g variables, and let m be total weight of the lauses satis ed in
'w by a. Then, when we pi k lauses for in lusion in 'R ,
ea h time there is a probability  that the pi ked lause is
satis ed by a, and a probability 1  that the pi ked lause
is not satis ed by a. Overall, the probability that more than
( +2)m of the2 lauses
of 'R are satis ed by a is at most
2
e 2 m = e 2 BN=e (we are using the Cherno bound of
Lemma 10). If B > e2 =2 , then the p
above probability is less
than 2 2N . So, xing, say  = 3= B , and using a union
bound, if there is no assignment that satis es more than NN
lauses in 'w , then there is a probability at pleast 1 2
that no assignment satis es more than ( +3= B )m lauses
of 'R . With probability at least 3=4, we deleted
p (and repla ed with new lauses) no more than 4N < m= B lauses
(the inequality is true for suÆ iently large B ). So with probability at least 3=4 2N the following is true: if there is no
assignment that satis es more than N lauses in 'wp, then
there is no assignment that satis es more than ( +4= B )m
lauses of 'B . This ompletes the proof of the result stated
at the beginning of the se tion.
Remark

2.

For the sake of simpli ity of presentation, the

analysis of the redu tion is not fully optimized, and it is
learly possible to get a onstant better than 4 in the above
analysis.
Remark 3. We observe that the redu tion reates instan es where lauses ould be repeated. However, sin e no
variable o urs in more than B lauses, no lause an be
repeated more than B times. To a hieve a stronger result,
it is possible to modify the redu tion so as to generate instan es without repeated lauses (we omit details from this
preliminary version).

3.

FEIGE’S
COVER

REDUCTION

AND

SET

The goal of this se tion is to indi ate how the results of
[11℄ imply that Set Cover with sets of size B is hard to approximate to within a ln B O(ln ln B ) fa tor. This se tion
is probably best read having [11℄ at hand.
Feige [11℄ already des ribes his redu tion in general terms,
setting the parameters only at the end, so we just have to
indi ate what di erent setting of parameters is appropriate
to a hieve hardness for the ase of sets of size at most B .
We will des ribe the redu tion in terms of a parameter m
(whi h is the same m used in [11℄, ex ept with a di erent
setting) that will be xed later (jumping ahead, m will be
B=poly log B ).
The PCP onstru tion used as a starting point is analyzed
in [11, Lemma 2.3.1℄. The onstru tion has parameters l and
k. The veri er intera ts with k provers, and asks ea h prover
a question that is answered with a string of 2l bits. If the
statement being proven is orre t, and the proof is valid,
then for all random strings the veri er re eives k answers
that are pairwise onsistent. If the statement being proven
is not orre t, then, for any proof, there is a probability at
least k2  2 l over the random hoi es of the veri er that
the k answers re eived by the veri er are su h that any two
of them are in onsistent. In the above expression, > 0 is
a small onstant independent of all other parameters. (A
detailed des ription and analysis of the veri er, and a de nition of the notion of onsisten y, an be found in [11℄[Se tion 2.3℄.) We will use this result with l = (4= ) log ln m, and
k = ln m=3 ln ln m. Note that the PCP onstru tion requires
k and l to be su h that there exists an error- orre ting ode
with k odewords of length l, su h that every odeword has
weight l=2 and the minimum distan e is l=3. This ondition
is satis ed by our hoi e of l and k, sin e is quite small.
The redu tion from PCP to Set Cover uses the following
gadget: a family fCi;j g of subsets of a universe U (where
jU j = m), where i = 1; : : : ; 2l and j = 1; : : : ; k. The family
has the following properties:

 For ea h xed i, the sets Ci;1 ; : : : ; Ci;k form a partition

of U .
 If we take  (k 2) ln m sets Ci;j , no two of them with
the same i, then their union does not over [m℄.
The existen e of su h a family (for suÆ iently large m), is
stated in [11, Lemma 3.2℄l (one has to make the substitutions
f (k) = 2=k) and L = 2 ). Noti e that, for onstant B , all
the parameters m; l; k are onstants, and so the family has
onstant size and an be found deterministi ally by brutefor e sear h.

Let R be the number of random strings used by the verier. The redu tion uses R disjointr opies of the gadget; for
a random string r, we denote
by U the orresponding opy
r the orresponding opy of the
of the universe, and by Ci;j
set Ci;j .
The instan e of Set Cover reated by the redu tion (as
des ribed in [11, Se tion 4℄ is as follows. The universe for
the instan e is the union of the sets U r . The set system
ontains a set Si;q;a for ea h i = 1; : : : ; k (identifying one of
the k provers), ea h query q that an be made to prover i,
and ea h possible answer a. The set Si;q;a is the union, over
all r su h that the veri er, on random string r makes query q
r where ar is a value that depends
to prover i, of the set Ci;a
r
on a and rl=.2 It an(lbe
veri
er that for ea h i and q there are
at most 3 = 2 ) random strings r su h that therveri er
makes query q to prover i. Furthermore, ea h set Ci;a;r has
size at most m. Therefore, in the instan e produ ed by the
redu tion, all sets have size at most m2(l) = m2(log log m) .
We x m so that no sets has size more than B .
The hardness of approximation proved by this2 redul tion3 is of the
form (1 4=k) ln m, provided that k 2 <
4=k (ln m)2 . That is, we need l > 1 (5 log k + 2 log ln m),
and re alling that k = ln m=3 ln ln m < ln m=3, it's enough
if l = (4= ) log ln m, as assumed at the beginning of the
se tion.
Thus the hardness of approximation is of the form ln m
12 ln ln m, and re alling that B = m  2O(log log m) , it an be
written as ln B O(ln ln B ).
4. OUR NEW PCP CONSTRUCTION

Let us rst brie y review the terminology in PCP onstru tion. A veri er is onfronted with an instan e of an
NP- omplete language { for on reteness, let us say an instan e ' of 3SAT { and is given ora le a ess to an alleged
proof P that ' is satis able. After looking at ', running
in polynomial time (in the size of ') and tossing a logarithmi (in the size of ') number of random bits, the veri er
de ides to make a series q1 ; : : : ; qk of queries into the ora le
proof (k is alled the query omplexity of the veri er), thus
re eiving answers P (q1 ); : : : ; P (qk ). Ea h answer is a string
in f0; 1gl , and l is alled the answer size of the proof system.
After examining the answers, the veri er de ides whether to
a ept or reje t. If there is a onstant su h that for every
satis able ' there is a P su h that the veri er a epts with
probability  , then the veri er is said to have ompleteness at least ; ideally = 1, in whi h ase the veri er is
said to have perfe t ompleteness. If there is a onstant s
su h that for every unsatis able ' and for any proof P the
veri er a epts with probability at most s, then the veri er
is said to have soundness at most s. We need a proof system with small query omplexity, perfe t ompleteness, and
a strong relation between answer size and soundness.
Hastad [17℄ shows, for every  > 0, the existen e of a
PCP hara terization of NP where the veri er makes three
queries, it has perfe t ompleteness, the answer size is 1, and
the soundness is 3=4 + .
In Se tion 4.1 we sket h a proof of the following result.
Theorem 4. For any  > 0 and positive integer l, there
is a PCP hara terization of NP where the veri er makes 3
queries, has answer size l, perfe t ompleteness, and soundness (3=4)l + .

A naive approa h would be to de ne a new proof system

where ea h entry in a proof for the new system ontains
the answer to l queries in the original system. The new
veri er runs in parallel l omputations of the original verier, and get l triples of questions (a1 ; b1 ; 1 ); : : : ; (al ; bl ; l ),
and it then reads the three entries indexed by (a1 ; : : : ; al ),
(b1 ; : : : ; bl ), ( 1 ; : : : ; l ) in the new proof. It then a epts if
the answers are a eptable for all the l omputations. We
do not know how to analyze this approa h. In general, analyzing parallel repetition of proof system is an ex eedingly
diÆ ult task, and typi ally the soundness of a proof system obtained by l parallel repetition an be higher than the
original soundness raised to the l-th power.
The PCP onstru tion of [17℄ is obtained by omposing
two proof systems, an \outer" proof system due to Raz [26℄
and an \inner" proof system des ribed and analyzed in [17℄.
We apply parallel repetition to the inner veri er, and we
show that we an drive the soundness down at an optimal
rate within the inner veri er. Composition gives a PCP
onstru tion with the right soundness. For readers who are
familiar with the onstru tions and terminology of [6, 17℄,
we remark that our analysis takes advantage of the way in
whi h the \long ode" over a big alphabet an be \folded."
4.1 Proof or Theorem 4
4.1.1 Background

Let us start with an abstra t view of the proof system of
Raz[26℄. The veri er is given a 3SAT instan e ' and has
ora le a ess to two proofs, say P and Q, where P 's entries
are over some alphabet [u℄ and Q's entries are over some
alphabet [w℄. Based on its oin tosses, the veri er pi ks a
pair of queries (p; q), and also a fun tion p;q : [w℄ ! [u℄.
The veri er reads a = P (p) and b = Q(q) and a epts if
and only if a = (b). If formula ' is satis able, there is
a proof pair (P; Q) that is a epted with probability one,
otherwise no proof pair is a epted with probability higher
than 1=u where > 0 is some onstant independent of the
other parameters. For any t, there is su h a onstru tion
with u = 2t and w = 7t .3
One gets eÆ ient PCP systems by taking a proof in the
format above, and further en oding the entries of P and Q
using the long ode. The long ode of an element of a 2 [u℄
is the fun tion A : ([u℄ ! f 1; 1g) ! f 1; 1g that on input
a fun tion f : [u℄ ! f 1; 1g returns the value A(f ) = f (a).
In an eÆ ient PCP system, the veri er has a ess to proofs
LP and LQ, where, for every p, LP (p) is supposed to ontain
the long ode of P (p), where P is an a eptable proof for
Raz's veri er. Similarly, LQ is supposed to be an entry-wise
en oding of a proof Q.
The eÆ ient veri er pi ks entries p; q and fun tion  with
the same distribution as Raz's veri er, and then onsiders
the fun tions A = LP (p) and B = LQ(q): the veri er's
goal is to determine whether A and B are, at least \approximately," the en oding of some elements a and b su h
that (b) = (a). The notion of being approximately orre t is formalized as follows. There is a probabilisti pro edure De ode() that given a fun tion A : ([u℄ ! f 1; 1g) !
3 This is the style of presentation of [15, 29, 28℄. The standard presentation has w = 8t , and the veri er a epts i
a =  (b) and b satis es some additional property. Having
the additional property reates minor ompli ations in the
analysis of the veri er, but in the standard presentation the
fun tion  has a simpler stru ture than in this presentation.

f 1; 1g outputs an element distributed over [u℄. The testing
pro edure tries to determine if, at least, there is a noti eable
probability that De ode(A) = (De ode(B )), where the
two appli ations of De ode() are done with independent
oin tosses.
Before getting to Hastad's veri er we have to introdu e
another te hni ality. If A : ([u℄ ! f 1; 1g) ! f 1; 1g, we
de ne the folding of A, denoted A0 , as the fun tion su h
that A0 (f ) = A(f ) if f (1) = 1, and A0 (f ) = A( f ) if
f (1) = 1. First of all, noti e that if A is a long ode then
it is always true that A(f ) = A( f ), therefore A0 = A.
Furthermore, for every A, we have A0 (f ) = A0( f ). In
parti ular, for a random f , A0 (f ) is equally likely to be 1
or 1. Finally, noti e that it is possible to simulate ora le
a ess to A0 if we have ora le a ess to A.
We an now give a high-level des ription of the veri er of
[17℄. The onstru tion uses a parameter Æ > 0.
After hoosing queries (p; q) and fun tion  as Raz's veri er, let us all A the restri tion of the proof to LP (p)
and B the restri tion of the proof to LQ(q). The veri er
pi ks uniformly at random fun tions f : [u℄ ! f 1; 1g and
g : [w℄ ! f 1; 1g, it then pi ks a fun tion h : [w℄ ! f 1; 1g
a ording to a ompli ated distribution that depends on Æ.
Finally, the veri er a epts if the following ondition is satis ed
A0 (f ) = 1 or B 0 (g ) = B 0 (g  ((f Æ  ) ^ h))

We an he k that the probability that the veri er a epts
is equal to
3 + 1 E [B 0 (g) = B 0 (g  ((f Æ ) ^ h))℄+
4 4 A;B;;f;g;h
1 E [B 0 (g) = B 0 (g  ((f Æ ) ^ h))℄
4 A;B;;f;g;h
The analysis is ompleted by the following two results.
Lemma 5 ([17℄). Let B ([w ℄ ! f 1; 1g) ! f 1; 1g, let
be  be a random variable ranging over fun tions  : [w℄ !
[u℄, and let f; g; h be random fun tions distributed as in
H
astad's veri er with parameter Æ , and suppose that  is
distributed in su h a way that there are onstants 1 ; 2 > 0
su h that for every set  [w℄

Pr
[jf(b) : b 2 gj  1 log ℄  1 1=j j


Then

E [B 0 (g)B 0 (g  ((f Æ ) ^ h))℄  3Æ

B;;f;g;h

The above statement is a tually a slight generalization of
a result of [17℄, and it appears in the above version in [14,
Lemma 3.4℄
The \hashing ondition" about , that it maps with high
probability big sets into relatively big sets, is satis ed by the
distribution of the fun tion  in Raz's veri er (this is proved,
for our presentation of Raz's veri er, in [14℄ { a similar result
for the standard presentation is in the appendix of the full
version of [17℄).
Note that no assumption is made on B in Lemma 5. The
use of folding is ne essary in the statement. If B is identially equal to 1, then the expe tation of B ()B () is always 1.

Lemma 6 ([17℄). There exists a Æ 0 , that depends only
on Æ , su h that if LP and LQ are su h that

E

A;B;;f;g;h

[A0 (f )B 0 (g)B 0(g  ((f Æ ) ^ h))℄ > Æ

then

Pr [De

A;B;

ode

(A) = (De

(B ))℄ > Æ0

ode

where f; g; h are as in H
astad's veri er with parameter Æ ,
and A = LP (p) and B = LQ(q ), where (p; q;  ) is the distribution of queries and fun tion generated by Raz's veri er.

Again, the above lemma is impli it in [17℄, and the proof of
this parti ular version an be derived from [14, Lemma 3.5℄.
Now, if the veri er a epts with probability more than
3=4 + Æ, the ondition of Lemma 6 is satis ed. It an then
be showed that from LP and LQ one an \de ode" proofs P
and Q for0 Raz's veri er that are a epted0 with probability
at least Æ . If we hose u so that 1=u < Æ , it then must be
the ase that the formula being proved is satis able. So, if
we have an unsatis able formula, no proof an be a epted
with probability greater than 3=4 + Æ.
4.1.2 Our Construction

Let us now get to our onstru tion. Let us x an integer
parameter l and a onstant Æ > 0. We also x a suÆ iently
large u.
For an element a 2 f0;l 1gu , the longl l- ode of a is a fun tion A : ([u℄ ! f k 1; 1g ) ! f 1; 1g , su h that for every
f : [u℄ ! f 1; 1g we have A(f) = f(a). We denote by
Ai (f) the i-th bit of the ve tor A(f).
We now de ne folding for the long l- ode. As before,
we wantl to start from
an arbitrary fun tion A : ([u℄ !
f 1; 1gl ) ! f 1; 1gll and de ne a new fun tion A0 : ([u℄ !
f 1; 1g ) ! f 1; 1g with the following properties:
 A = A0 if A is a long l- ode;
 an ora le a ess into A0 an be simulated with an ora le
a ess into A;
 for a random
f , A0 (f ) is uniformly distributed in
l
f 1; 1g .
This an be a hieved by setting, for example, A0 (f ) = f (1) 
A(f (1)  f ).
The veri er expe ts proofs LlP and LlQ, where for ea h
p LlP (p) is supposed to be the long l- ode of P (p), and
LlQ(q ) is supposed to be the long l- ode of Q(q ), where P
and Q are an a eptable pair of proof for Raz's veri er.
Our veri er starts by pi king (p; q; ) as Raz's veri er,
and it (almost but not quite) exe utes \in parallel" l instan es of the \inner" test des ribed above. Parallel repetition would demand that we sele t 3l fun tions f1 ; : : : ; fl :
[u℄ ! f 1; 1g, g1 ; : : : ; gl : [w℄ ! f 1; 1g, h1 ; : : : ; hl : [w℄ !
f 1; 1g where ea h fi and ea h gi is uniform, and hi are
distributed as in Hastad's veri er. Instead, we sele t fun tions f : [k℄  [u℄ ! f 1; 1g, g : [k℄  [w℄ ! f 1; 1g and
h : [k℄  [w℄ ! f 1; 1g with the distribution that Hastad's
veri er would have used in sele ting its queries if it were expe ting to he k long odes of elements of [ku℄ and [kw℄ (we
are identifying [k℄  [u℄ with [ku℄ and [k℄  [w℄ with [kw℄).
Then we de ne the fun tions f1 ; : : : ; fl as fi (x) = f(i; x),
and similarly for gi and hi . This is the same as pi king fi

and gi independently and uniformly at random (that is, doing independently for ea h i what Hastad's veri er would
have done expe ting long odes of elements of [u℄ and [w℄),
but it is slightly di erent than pi king hi independently as
in Hastad's veri er.
This is one di eren e with respe t to plain parallel repetition. The other di eren e is in the a ess me hanism to
the proof implied by folding an l-long ode.
We an also de ne a proje tion fun tion  : [k℄  [w℄ !
[k℄  [u℄ su h that  (i; b) = (i; (a)). It is possible to verify
that if  satis es the hashing ondition, then also  satis es
the hashing ondition.
Our test will a ept if and only if

8i 2 f1; : : : ; lg:(A0i (f) = 1 _ B 0 (g) = B 0 (g(f Æ  ^ h))

We then have that the a eptan e probability of the test is
l 
Y
3 + 1 B 0 (g)B 0 (g(f Æ  ^ h))+
E
i
 B;
  ;f; g;h i=1 4 4 i
A;


1 0   0  0 
4 Ai (f )Bi (g)Bi (g(f Æ  ^ h))
whi h an be expanded as
 l j j j j  j j  j j
X
3
1
1
4
4
4
; [l℄; \ =;
2

E

4

Y

 B;
  ;f; g;h i2
A;

A0i (f)

Y

j2 [

3

B 0 (g)B 0 (g(f Æ  ^ h))5
j

j

Suppose that our proofs LlP and LlQ are su h that the
test a epts with probability more than (3=4)l + 22l Æ, then
there must be some pair of sets ; , at least one of them
non-empty, su h that
"
 j j+j j
Y
1
A (f)
E
 B;
  ;f; g;h i2 i
4
A;
Y

j2 [

3

Bj (g)Bj (g(f Æ  ^ h))5 > Æ

Now, let us all A the random fun tionQthat is obtained by
sampling A and then de ning A () = i2 A0i () and let us
all B the random fun tionQthat is obtained by sampling
B and then de ning B () = i2 [ Bi0 . If is empty, then
A is just identi ally 1, but otherwise we an verify that it
is a folded fun tion; likewise B is always a folded fun tion.
We an then rule out the ase that is empty, be ause we
are in a position to invoke Lemma 5 and say
2

E

4

Y

  ;f; g;h j 2
B;

3

B (g)B (g(f Æ  ^ h))5 < 3Æ

We an then use Lemma 6 and see that there is a Æ0 su h
that

Pr[De

ode

(A ) = (De

(B ))℄  Æ0

ode

Now we an de ne a new pro edure l-De ode that on input
a fun tion A : ([l℄  [u℄ ! f 1; 1g) ! f 1; 1g rst pi ks
random subset  [l℄, and then applies De ode to A .
We then have
Pr[l-De ode(A) = (l-De ode(B ))℄  2 2l Æ0
This pro edure an be used to re onstru t proofs P and Q
(from LlP and LlQ) that
Raz's veri er would a ept with
probability at least 2 2l Æ0 . We omit a omplete analysis of
the omposition step, but in a way similar to the analyses of
[17, 15, 29, 14℄ one an prove that the soundness of our PCP
system an be made arbitrarily lose to (3=4)l by properly
setting the parameters Æ and u.
5.

FROM PCP TO HITTING SET

As a rst step, we modify our PCP system so that, when
it makes its queries, ea h of the queries is uniformly distributed. We an use an approa h des ribed in [4℄. First,
we an make sure that ea h entry in the proof has the same
probability of being queried by the veri er. This is a hieved
by de ning a new proof format, where ea h entry of the
proof in the original system is repli ated a number of times
proportional to the probability that it be queried. The new
veri er simulates the old veri er and then, for ea h query,
it hooses at random one of the pla es storing the answer to
the query. Then, we modify the veri er so that it randomly
permutes the order of the queries (this is possible sin e the
veri er is non-adaptive). After this transformation, ea h of
the
three queries is uniformly distributed within the proof.
4

We use the veri er of Theorem 4 with answer size l, and
we assume that it has soundness at most 2  (3=4)l
Note that, for ea h xed random string, our proof system
has pre isely 6l a epting on gurations.
The main gadget in the redu tion is a set-system made of
m = 6l triples of subsets (A1 ; B1 ; C1 ), : : : , (Am ; Bm ; Cm ) of
some xed universe U , with the following properties:
 For ea h i, Ai [ Bi [ Ci = U ;

 If we pi k any sub- olle tion of these sets, but no

three of them from the same triple, then their union is
stri tly smaller than U .
Su h a gadget exists with U = 2O(m) (pi k m times at random a random partition of U into three sets; if U is sufiently large there is a positive probability that none of
the 3m possible ways of pi king two sets from ea h triple
is enough to over U ). For onstant m, it an also be onstru ted in onstant time.
Starting from the des ription of the omputation of the
PCP veri er of Theorem 4 on input a formula ', we de ne
an instan e of Set Cover. If ' is satis able, then there will be
a over of a ertain size; if the instan l=e 3is unsatis able every
over will have size at least ((4=3) ) larger. Forr every
random string r for therverir er,r we de ner a opy
U of the
universe, and opies (A1 ; B1 ; C1 ); : : : ; (Am ; Bmr ; Cmr ) of the
set system. The universe of the set over instan e that we
produ e is the union of all the sets U r . The set system in the
set over instan e has a set Si;a;v for ea h index i 2 f1; 2; 3g
denoting one of the queries, for ea h entry x in the proof,
4 Of ourse the distributions are orrelated.

and for ea h v 2 f0; 1gl . The sets are de ned as
[
Ari
S1;a;v =
r; i : on random string r veri er
makes a as rst query, and answer
v is onsistent with i-th a epting
on guration
S2;b;v =

[

r; i : on random string r veri er
makes b as se ond query, and value
v is onsistent with i-th a epting

Bir

on guration

S3; ;v =

[

Cir

r; i : on random string r veri er
makes as third query, and value
v is onsistent with i-th a epting
on guration
Note that ea h set Ari or Bir or Cir is in luded into exa tly
one set Sj;x;v . Ea h element of U r belongs to exa tly m sets
in the gadget onstru tion, so it follows that the redu tion
produ es an instan e where ea h element of the universe
o urs into m sets.
It is standard, in redu tions from PCP to Set Cover, to
have a set for ea h position in the proof and for ea h value
that that position an assume. It is also standard to have a
gadget made of a olle tion of partitions of an universe U ,
with the property that one annot over U if not using all the
elements of one of the partitions (in other redu tions, that
try to keep the size of U small, this ondition is only satis ed
by \small" subsets of the set system of the gadget). And it
is also standard that one makes a opy of the gadget for
ea h random string, and then reates a Set Cover instan e
where ea h set is the union of opies of sets of the gadget.
The novelty in our redu tion is that the partitions in the set
system are asso iated with satisfying assignments for the
a eptan e predi ate.
Let R be the total number of random strings, and M the
length of the proof. If there is a proof P that is a epted
with probability one, then one an sele t 3M sets and over
the entire universe. For every index j , and for every entry
x in the proof, we sele t the set Sj;x;P (x) . This overs the
entire universe, that is, it overs U r for every r. In fa t,
onsider an arbitrary random string r, and let (a; b; ) be the
query made by the veri er. The answers (P (a); P (b); P ( ))
are a epted by the veri er, and onstitute, say, its i-th
a epting on guration for string r. This means that Ari
is part of S1;a;P (a) , and, as su h, part of our solution, and
likewise Bir and Cir are part of our solution, and so U r is
overed.
Now, suppose there is a set over that uses at most M
sets. Consider the following experiment: pi k at random a
query triple (a; b; ) as done by the veri er. Then ount the
number of sets of the form S1;a;v , S2;b;v , and S3; ;v in the
solution, and onsider the average of this total. Sin e a, b
and are uniformly distributed in the proof, this average
has to be at most 3 . Then, for at least half of the random
strings, the total is at most 6 . We all su h random hoi es
the \good" ones.
Consider the following randomized proof onstru tion.
For ea h query x, pi k at random j 2 f1; 2; 3g, and pi k
0

00

at random a v su h that Si;x;v belongs to the solution. If
no su h set belongs to the solution, pi k uniformly at random among all possible answers. Consider the behavior of
the veri er when it pi ks a good random hoi e r, making
queries (a; b; ). The solution overs all the elements
inr U r ,
r
so in parti ular there has to be an i su h that Ai , Bi and
Cir are all part of the solution. Let the i-th a epting onguration be su h that its answers are (q1 ; q2 ; q3 ). Then Ari
an be part
of the solution only if S1;a;q1 is part of the solution, Bir an be part of the solution only if S2;b;q2 is part of
the solution, and similarly S3; ;q3 has to be part of the solution. Let now k1 ; k2 ; k3 be, respe tively, the number of sets
in the solution of the form S1;a;v ; S2;b;v ; S3;b;v . We know
k1 + k2 + k3  6 , and we have just proved that the probability that the randomized proof has q1 ; q2 ; q3 as answers to
a; b; is at least 1=3k1  3k2  3k3 whi h is at least 1=(18 )3 .
If our proof system has soundness 2  (3=4)l and if (3=4)l <
1=(2  (18 )3 ), then this a eptan e probability is too high
if we started from an unsatis able '.
We then proved a hardness of approximation to within a
((4=3)k=3 ) fa
tor, for instan es where every element o urs
k sets. If we all B = 6k the hardness fa tor is
in at(log
most
6
(B 6 (4=3))=3 ) = (B :0535 ) where :0535 > 1=19.
0

6.

00

INDEPENDENT SET

The starting point for our hardness of approximation result is the following result.
Lemma 7 ([28℄). For every  > 0 and every k > 0
there is a PCP hara terization of NP where the veri er has
2
soundness 1 , ompleteness 2 k +  and makes 2k + k2
queries. Furthermore, for ea h random string, the a eptan e predi ate has 22k satisfying assignment, and is a linear
fun tion.

In the following, we will use  = 2 k2 . We will also use 1=2
as a rude lower bound to the ompleteness.
In the FGLSS [12℄ redu tion from PCP to Independent
Set, a fundamental notion is that of an a epting on guration. An on guration is the spe i ation of a random string
used by the veri er, together with a spe i ation of the values of the bits of the proof read by the veri er when using
su h a random string; a on guration is a epting if the veri er a epts when using that parti ular random string and
getting those answers to its queries.
It will be useful to note that in the veri er of [28℄, for ea h
random string, and for ea h bit read a ording to that random string, the number of a epting on gurations where
the bit is zero equals the number of a epting on gurations
where the bit is one.
Let r be the number of random bits used by the above veri er. The FGLSS redu tion applied to the veri er of Lemma
7 reates a graph with 2r+2k verti es, one for ea h a epting on guration; two verti es are onne ted by an edge if
and only if the on gurations are in onsistent (i.e. the ongurations read the same bit and nd di erent values). If
there is a proof that the veri er a epts with probability at
least 1=2 then the FGLSS graph has an independent set of
size at least (1=2)  2r ; if 2no proof is a epted with probability greater than 2  2 k , then the FGLSS
graph has no
independent set of size greater than 2  2 k2  2r .
In the FGLSS graph, for every index i in the proof, all Oi
the set of verti es where index i is queried, and the answer

is one, and all Zi the set of verti es where index i is queries
and the answer is zero. The FGLSS graph ontains all possible edges between verti es in Oi and verti es in Zi , for ea h
i. It is easy to onvin e oneself that the union of these edge
sets is in fa t pre isely the set of edges of the FGLSS graph.
As said before, for ea h i we have jOi j = jZi j. Let us all
ni = jOi j.
The main idea in [10℄ is to repla e ea h of this bipartite
omplete subgraphs with a bounded-degree expander. In
parti ular we an use the following result
Lemma 8 ([27℄). For every Æ and suÆ iently large
n, there is a bipartite graph ([n℄; [n℄; E ) of degree
O((1=Æ )poly log(1=Æ )) su h that for ea h subsets A; B  [n℄,
jAj  Æn, jB j  Æn there is at least an edge (i; j ) 2 E su h
that i 2 A and j 2 B . Furthermore the graph an be onstru ted in time poly(n; 21=Æ ).

Starting from the PCP system, we reate a sub-graph of
the FGLSS graph where for every i, we in lude edges be-5
tween Oi and Zi only as pres ribed by the above expander.
As in [10℄ we an argue that the maximum independent set
in the new graph an only be bigger, sin e we have less
edges, but that every independent set in the new graph an
be transformed into an independent set for the old graph
by adding at most qÆN verti es. This is true be ause, for
every i, the independent set an ontain at most Æni elements of Oi , or at most Æni elements of Zi . Therefore, we
an remove no more than Æni verti es from the independent
set, and make sure that, at least restri ted to the verti es
in Oi [ Zi we also have an independent set in the original
FGLSS graph. We an repeat this pro ess for ea h i, thus
getting an independent
P set for the FGLSS graph, and removing no more than i Æni verti es. Sin e ea h on guration
an belong to at most q sets of the form Oi or Zi , we have
P
i ni  qN .
Therefore it is hard to de ide whether
the new graph has
an independent set of size (1=2)  2r or2 whether all independent sets have size less than 2  2 k  2r2 + qÆN , where
the se ond
expression is2 less than 3  2 k  2r if we x
2 r
k
Æ = 2 2 =qN = 2 k 2k =q . For su h hoi e of Æ , the
degree of the graph be omes
2k2 +2k polyk, and the hardness
2
of approximation is (2k ). If we all B the degree of the
graph,pthen the hardness of approximation
takes the form
p
B=2O( log B ) poly log B = B=2O( log B) .
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APPENDIX

We state two versions of the Cherno bound that are used
in the body of the paper.
A more general statement (with a proof) of the following
result is in [22, Lemma 1.7℄.
Lemma 9. Let X1 ; : : : ; Xm be independent
random variP
ables with range f0; 1g, and let k  e2 E[ i Xi ℄. Then
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A more general statement of the following result is in [13,
Page 109℄. Proofs of more general statements an be found
in [3℄.
Lemma 10. Let X1 ; : : : ; Xm be independent, identi ally
distributed, random variables with range f0; 1g, and let 0 <

P
P
2
 < 1=4. Then Pr i Xi E[ i Xi ℄  m  e 2 m

