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Abstract

We study optimization problems that may be expressed as “Boolean constraint satisfaction
problems”. An instance of a Boolean constraint satisfaction problem is given by m constraints
applied to n Boolean variables. Different computational problems arise from constraint satis-
faction problems depending on the nature of the “underlying” constraints as well as on the goal
of the computational task. Here we consider four possible goals: Max CSP (MIN CSP) is the
class of problems where the goal is to find an assignment maximizing the number of satisfied
constraints (minimizing the number of unsatisfied constraints). Max ONEs (MIN ONEs) is the
class of optimization problems where the goal is to find an assignment satisfying all constraints
with maximum (minimum) number of variables set to 1. Each class consists of infinitely many
problems and a problem within a class is specified by a finite collection of finite Boolean functions
that describe the possible constraints that may be used.

In this work we determine tight bounds on the “approximability” (i.e., the ratio to within
which each problem may be approximated in polynomial time) of every problem in Max
ONEs, MIN CSP and MIN ONEs. Combined with an earlier result of Creignou [11] this com-
pletely classifies all optimization problems derived from Boolean constraint satisfaction. Our
results capture a diverse collection of optimization problems such as MAX 3-SAT, Max CurT,
Max CLIQUE, MIN CUT, NEAREST CODEWORD etc. Qur results unify recent results on the
(in)approximability of these optimization problems and yield a compact presentation of most
known results. Moreover, these results provide a formal basis to many statements on the be-
haviour of natural optimization problems, that have so far only been observed empirically.
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1 Introduction

The approximability of an optimization problem is the best possible performance ratio that is
achieved by a polynomial-time approximation algorithm for the problem. The approximability is
studied as a function of the input size and is always a function bounded from below by 1. Research
in the nineties has led to dramatic progress in our understanding of the approximability of many
central optimization problems. The results cover a large number of optimization problems, deriving
tight bounds on the approximability of some, while deriving “asymptotically” tight bounds on many

more. 1

In this paper we study optimization problems derived from “Boolean constraint satisfaction prob-
lems” and present a complete classification of these problems based on their approximability. Our
work is motivated by an attempt to unify this recent progress on the (in)approximability of combi-
natorial optimization problems. In the case of positive results, i.e., bounding the approximability
from above, a few paradigms have been used repeatedly and these serve to unify the results nicely.
In contrast, there is a lack of similar unification among negative or inapproximability results. Inap-
proximability results are established by approximation preserving reductions from hard problems,
and such reductions tend to exploit every feature of the problem whose hardness is being shown,
rather than isolating the “minimal” features that would suffice to obtain the hardness result. As a
result inapproximability results are typically isolated, and are not immediately suited for unifica-
tion.

The need for a unified study is however quite essential at this stage. The progress in the under-
standing of optimization problems has shown large amounts of diversity in their approximability.
Despite this diversity, natural optimization problems do seem to exhibit some noticeable trends in
their behaviour. However in the absence of a terse description of known results it is hard to extract
the trends; leave alone, trying to provide them with a formal basis. Some such trends are described
below:

e There exist optimization problems that are solvable exactly, that admit polynomial time
approximation schemes or PTAS (i.e., for every constant a > 1, there exists a polynomial
time a-approximation algorithm), that admit constant factor approximation algorithms, log-
arithmic factor approximation algorithms and polynomial factor approximation algorithms.
But this list appears to be nearly exhaustive, raising the question: “Are there “natural”
optimization problems with intermediate approximability?” 2

¢ A number of minmization problems have an approximability of logarithmic factors. However
so far no natural maximization problem has been shown to have a similar approximability,
raising the question: “Are there any “natural” maximization problems which are approx-
imable to within polylogarithmic factors, but no better?”

e Papadimitriou and Yannakakis [38] define a class of optimization problems called MAX SNP.
This class has played a central role in many of the recent inapproximability results, and yet

We say that the approximability of an optimization is known asymptotically, if we can determine a function
f: Z — Z and constants ci, c2 such that the approximability is between 1+ f(n) and 1 + ¢1 f(n°?). This choice is
based on the common choice of an approximation preserving reduction. See Definition 2.7.

2There are problems such as the minimum feedback arc set for which the best known approximation fac-
tor is O(log nloglogn) [16] and the asymmetric p-center problem where the best known approximation factor is
O(log™* n) [37]. However, no matching inapproximability results are known for such problems.



even now the class does not appear to be fully understood. The class contains a number
of NP-hard problems, and for all such known problems it turns out to be the case that the
approximability was bounded away from 1! This raises the natural question: “Are there any
NP-hard problems in MAX SNP that admit polynomial time approximation schemes?”

In order to study such questions, or even to place them under a formal setting, one needs to first
specify the optimization problems in some uniform framework. Furthermore, one has to be careful
to ensure that the task of determining whether the optimization problem studied is easy or hard
(to, say, compute exactly) is decidable. Unfortunately, barriers such as Rice’s theorem (which says
this question may not in general be decidable) or Ladner’s theorem (which says problems may not
be just easy or hard [34]) force us to severely restrict the class of problems which can be studied in
such a manner.

Schaefer [41] from 1978 isolates one class of decision problems which can actually be classified
completely. He obtains this classification by restricting his attention to “Boolean constraint sat-
isfaction problems”. A problem in this class is specified by a finite set F of Boolean functions
on finitely many variables, referred to as the constraints. (These functions are specified by, say,
a truth table.) A function f: {0.1}* — {0,1}, when applied to k variables z1,...,z; represents
the constraint f(a1,...,25) = 1. An instance of a constraint satisfaction problem specified by F
consists of m “constraint applications” on n Boolean variables where each constraint application
is the application of one of the constraints from F to some ordered subset of the n variables. The
language SAT(F) consists of all instances which have an assignment satisfying all m constraints.
Schaefer describes six classes of function families, such that if F is a subset of one of these classes,
then the decision problem is in P, else he shows that the decision problem is NP-hard.

Our Setup: In this paper we consider different optimization versions of Boolean constraint sat-
isfaction problems. In each case the problem is specified by a family F, and the instance by m
constraints from F applied to n Boolean variables. The goals for the four versions vary as follows:
In the problem Max CSP(F) the goal is to find an assignment that maximizes the number of
satisfied constraints. Analogously in the problem Min CSP(F) the goal is to find an assignment
that minimizes the number of unsatisfied constraints. Notice that while the problems are equiva-
lent w.r.t. exact computation their approximability may (and often does) differ. In the problem
Max ONEs(F) (MiN ONES(F)) the goal is to find an assignment satisfying all constraints, while
maximizing (minimizing) the number of variables set to 1. We also consider the weighted version
of all the above problems. In the case of WEIGHTED Max CSP(F) (WEIGHTED MIN CSP(F))
the instance includes a non-negative weight for every constraint and the goal is to maximize (min-
imize) the sum of the weights of the satisfied (unsatisfied) constraints. In the case of WEIGHTED
Max ONEs(F) (WEIGHTED MIN ONES(F)) the instance includes a non-negative weight for every
variable and the goal is to find an assignment satisfying all constraint maximizing (minimizing)
the weight of the variables set to 1. The collection of problems {Max CSP(F)|F} yields the class
Max CSP, and similarly we get the classes (WEIGHTED) MIN CSP, MaXx ONEs, MIN ONEs.

Together these classes capture a host of interesting optimization problems. MAX CSP is a subset
of MAX SNP and forms a combinatorial core of the problems in MAX SNP. It also includes a
number of well-studied MAX SNP-complete problems, including MAX 3-SAT, MAX 2-SAT, and
Max Cut. MaXx ONES shows more varied behavior among maximization problems and includes
MAX CLIQUE and a problem equivalent to Max CuT. MiN CSP and MIN ONES are closely related
to each other capturing very similar problems. The list of problems expressible as one of these



includes: The s-t MiN CuT problem, VERTEX COVER, HITTING SET with bounded size sets, Integer
programs with two variables per inequality [25]. MIN UnCuT [20], MIN 2CNF DELETION [33], and
NEAREST CODEWORD [2]. The ability to study all these different problems in a uniform framework
and extract the features that make the problems easier /harder than the others shows the advantage
of studying optimization problems under the constraint satisfaction framework.

We provide a complete characterization of the asymptotic approximability of every optimization
problem in the classes mentioned above. For the class MAaX CSP such a classification was obtained
by Creignou [11] who shows that every problem in the class is either solvable to optimality in
polynomial time, or has a constant approximability bounded away from 1. For the remaining
classes we provide complete characterizations. The detailed statement of our results, comprising
of 22 cases appear in Theorems 2.9-2.12. (This includes a technical strengthening of the results of
Creignou [11].) In short the results show that every MAX ONES problem is either solvable optimally
in P, or has constant factor approximability, or polynomial approximability or it is hard to find
feasible solutions. For the minimization problems, the results show that the approximability of every
problem lies in one of at most 7 levels. However it does not pin down the approximability of every
problem — but rather highlights a number of open problems in the area of minimization that deserve
further attention. Most notably it exposes a class of problems for which MiN UNCUT is complete,
a class for which MiN 2CNF DELETION is complete and a class for which NEAREST CODEWORD
is complete. The approximability of these problems is not yet resolved.

Our results do indeed validate some of the observations about trend exhibited by optimization
problems. We find that when restricted to constraint satisfaction problems; the following can
be formally established. The approximability of optimization problems does come from a small
number of levels; maximization problems do not have a log-approximable respresentative while
minimization problems may have such representatives (e.g. MiN UNCuT). NP-hard Max CSP
problems are also MAX SNP-hard. We also find that weights do not play any significant role in
the approximability of combinatorial optimization problems, a thesis in the work of Crescenzi et
al. [15)°.

Finally, we conclude with some thoughts on directions for further work. We stress that while
constraint satisfaction problems provide a good collection of core problems to work with, they
are by no means an exhaustive or even near-exahustive collection of optimization problems. Our
framework lacks such phenomena as polynomial time approximation schemes (PTAS); it does not
capture several important optimization problems such as TSP and numerous scheduling, sequencing
and graph partitioning problems. One possible reason for the non-existence of PTAS is that in our
problems the input instances have no restrictions in the manner in which constraints may be
imposed on the input variables. Significant insight may be gleaned from restricting the problem
instances. A widely prescribed condition is that the incidence graph on the variables and the
constraints should form a planar graph. This restriction has been recently studied by Khanna
and Motwani [28] and they show that it leads to polynomial time approximation schemes for a
general class of constraint satisfaction problems. Another input restriction of interest could be that
variables are allowed to participate only in a bounded number of constraints. We are unaware of any
work on this front. An important extension of our work would be to consider constraint families
which contain constraints of unbounded arity (such as those considered in MiN FTIIy). Such
an extension would allow us to capture problems such as SET CovEr. Other directions include

?Our definition of an unweighted problem is more loose than that of Crescenzi et al. In their definition they
disallow instances with repeated constraints, while we do allow them. We believe that it may be possible to remove
this discrepancy from our work by a careful analysis of all proofs. We do not carry out this exercise here.



working with larger domain sizes (rather than Boolean domains for the variables), and working
over spaces where the solution space is the set of all permutations of [n] rather than {0, 1}".

Related Work: The works of Schaefer [41] and Creignou [11] have already been mentioned above.
We reproduce some of the results of Creignou in Theorem 2.9, with some technical strengthenings.
This strengthening is described in Section 2.5. Another point of difference with the result of
Creignou is that our techniques allow us to directly work with the approximability of optimization
problems, while in her case the results formally establish NP-hardness and the hardness of approx-
imation can in turn be derived from them. A description of these techniques appear in Section 2.6.
Among other works focussing on classes showing dichotomy is that of Feder and Vardi [17] who
consider the “largest” possible class of natural problems in NP that may exhibit a dichotomy. They
motivate constraint satisfaction problems over larger domains and highlight a number of central
open questions that lie on the path to the resolution of the complexity of deciding them. Creignou
and Hermann [12] show a dichotomy result analogous to Schaefer’s for counting versions of con-
straint satisfaction problems. In the area of approximability, the works of Lund and Yannakakis [36]
and Zuckerman [44] provide two instances where large classes of problems are shown to be hard
to approximate simultaneously — to the best of our knowledge these are the only cases where the
results provide hardness for many problems simultaneously. Finally we mention a few results that
are directly related to the optimization problems considered here. Trevisan et al. [42] provide an al-
gorithm for finding optimal implementations (or "gadgets” in their terminology) reducing between
Max CSP problems. Karloff and Zwick [27] describe generic methods for finding “semidefinite
relaxations” of MAX CSP problems - and use these to provide approximation algorithms for these
problems. These results further highlight the appeal of the “constraint satisfaction” framework for
studying optimization problems.

2 Definitions and Results

2.1 Constraints, Constraint Applications and Constraint Families

We start by formally defining constraints and constraint satisfaction problems. Schaefer’s work [41]
proposes the study of such problems as a generalization of 3-satisfiability (3-SAT). We will use the
same example to illustrate the definitions below.

A constraint is a function f: {0,1}* — {0,1}. A constraint f is satisfied by an input s € {0,1}*
if f(s) = 1. A contraint family F is a finite collection of constraints {fi,..., fi}. For example,
constraints of interest for 3-SAT are described by the constraint family Fsgat = {ORj; : 1 <
k < 3,0 <j <k}, where ORy; : {0,1}* — {0,1} denotes the constraint which is satisfied by
all assignments except 1705=7. A constraint application, of a constraint f to n Boolean variables,

is a pair (f,(¢1,...,%%)), where the i; € [n] indicate to which k of the n boolean variables the
constraint is applied. (Here and throughout the paper we use the notation [n] to denote the
set {1,...,n}.) For example to generate the clause (z5\ —23\/ 22) we could use the constraint

application (ORs31,(3,5,2)) or (OR31,(3,2,5)). Note that the applications allow the constraint to
be applied to different ordered sets of variables but not literals. This distinction is an important
one. This is why we need all the constraints OR3 0, OR3; etc. to describe 3-SAT. In a constraint
application (f,(41,...,1x)), we require that ¢; # i, for j # j’. (This is why we need both the
functions ORg o as well as OR3 o in 3-SAT.)



Constraints and constraint families are the ingredients that specify an optimization problem. Thus
it is necessary that their description be finite. (Notice that the description of Fsgar is finite.)
Constraint applications are used to specify instances of optimization problems (as well as Schaefer’s
generalized satisfiability problems) and the fact that their description lengths grow with the instance
size is crucially exploited here. (Notice that the description size of a constraint application used to
describe a 3-SAT clause will be Q(logn).) While this distinction between constraints and constraint
applications is important, we will often blur this distinction in the rest of this paper. In particular
we may often let the constraint application C' = (f,(41,...,1x)) refer just to the constraint f. In
particular, we will often use the expression “C’' € F” when we mean “f € F, where f is the first part
of C”7. We now describe Schaefer’s class of satisfiability problems and the optimization problems
considered in this paper.

Definition 2.1 (SAT(F))

InpuT: A collection of m constraint applications of the form {(f;,(1(j),- .-, ik, (4))) ]y, on
boolean variables x1, 2, ...,x, where f; € F and k; s the arity of f;.

OBIECTIVE: Decide if there exists a boolean assignment to x;’s which satisfies all the constraints.

For example, the problem SAT(Fsgat) is the classical 3-SAT problem.

Definition 2.2 (Max CSP(F) (Min CSP(F)))

InpuT: A collection of m constraint applications of the form {(f;, (11(j), .-,k (J)))}Ty, on
boolean variables x1, 2, ...,x, where f; € F and k; s the arity of f;.

OBJECTIVE: Find a boolean assignment to x;’s so as to mazximize (minimize) the number of satisfied
(unsatisfied) constraints.

In the weighted problem WEIGHTED Max CSP(F) (WEIGHTED MIN CSP(F)) the input includes
m non-negative weights wy. ..., w,, and the objective is to find an assignment which maximizes
(minimizes) the sum of the weights of the satisfied (unsatisfied) constraints.

Definition 2.3 (Max ONES(F) (MIN ONES(F)))

InpuT: A collection of m constraint applications of the form {(f;, (11(j), .-,k (J)))}Ty, on
boolean variables x1, 2, ...,x, where f; € F and k; s the arity of f;.

OBIECTIVE: Find a boolean assignment to x;’s which satisfies all the constraints and mazimizes
(minimizes) the total number of variables assigned true.

In the weighted problem WEIGHTED MAX ONES(F) (WEIGHTED MIN ONES(F)) the input includes
n non-negative weights wy....,w, and the objective is to find an assignment which satisfies all
constraints and mazimizes (minimizes) the sum of the weights of variables assigned to 1.

The class (WEIGHTED) Max CSP is the set of all optimization problems (WEIGHTED) Max
CSP(F) for every constraint family F. The classes (WEIGHTED) MAX ONEs, MIN CSP, MIN
ONES are defined similarly.

The optimization problem MAX 3SAT is easily seen to be equivalent to Max CSP(Fsgat). This and
the other problems MaX ONES(Fssar), MIN CSP(Fsgar) and MIN ONES(Fsgat) are considered
in the rest of this paper. More interesting examples of Max Ongs, MIN CSP and MIN ONES
problems are described in Section 2.3. We start with some preliminaries on approximability that
we need to state our results.



2.2 Approximability, Reductions and Completeness

A combinatorial optimization problem is defined over a set of instances (admissible input data); a
finite set sol(x) of feasible solutions is associated to any instance. An objective function attributes
an integer value to any solution. The goal of an optimization problem is, given an instance x, find
a solution y € sol(z) of optimum value. The optimum value is the largest one for mazimization
problems and the smallest one for minimization problems. A combinatorial optimization problem
is said to be an NPO problem if instances and solutions are easy to recognize, solutions are short,
and the objective function is easy to compute. See e.g. [10] for formal definitions.

Definition 2.4 (Performance Ratio) An approzimation algorithm for an NPO problem A has
performance ratio R(n) if, given any instance I of A with |Z| = n, it computes a solution of value

V' which satisfies
V. oprr(7)
< .
maX{OPT(I)’ Vv } < R(n)

A solution satisfying the above inequality is referred to as being R(n)-approzimate. We say that a
NPO problem is approximable to within a factor R(n) if it has a polynomial-time approximation
algorithm with performance ratio R(n).

Definition 2.5 (Approximation Classes) An NPO problem A is in the class PO if it is solvable
to optimality in polynomial time. A is in the class APX (resp. log-APX/ poly-APX) if there
exists a polynomial-time algorithm for A whose performance ratio is bounded by a constant (resp.
logarithmic/polynomial factor in the size of the input).

Completeness in approximation classes can be defined using appropriate approximation preserving
reducibilities. In this paper, we use two notions of reducibility: A-reducibility and AP-reducibility.
We discuss the difference between the two and the need for having two different notions after the
definitions.

Definition 2.6 (A-reducibility [14]) An NPO problem A is said to be A-reducible to an NPO
problem B, denoted A<a B, if two polynomial time computable functions f and g and a constant
o exist such that:

(1) For any instance T of A, f(I) is an instance of B.

(2) For any instance T of A and any feasible solution 8" for f(I), ¢(Z,S’) is a feasible solution
for I.

(8) For any instance I of A and anyr > 1, if 8" is a r-approximate solution for f(Z) then g(Z,S’)
is an (ar)-approzimate solution for I.

Definition 2.7 (AP-reducibility [13]) For a constant a > 0 and two NPO problems A and B,
we say that A is AP-reducible to B, denoted A<a B, if two polynomial-time computable functions
[ and g exist such that the following holds:

(1) For any instance T of A, f(I) is an instance of B.

(2) For any instance I of A, and any feasible solution S" for f(I), ¢(Z,S8’) is a feasible solution
for x.



(3) For any instance T of A and any r > 1, if 8" is an r-approzimate solution for f(I), then

9(Z,8') is an (1 + (r — L)oo+ o(1))-approzimate solution for I, where the o notation is with
respect to |I].

We say that A is AP-reducible to B if a constant a > 0 exists such that A is a-A P-reducible to B.

Remark:

. Notice that Conditions (3) of both reductions only preserve the quality of an approximate

solution in absolute terms (to within the specified limits) and not as functions of the instance
size. For example, an A-reduction from II to II’ which blows up instance size by quadratic
factor and an O(n'/?) approximation algorithm for T’ combine to give only an O(n?/?) ap-
proximation algorithm for II.

. The difference in the two reductions is level of approximability that is preserved by the two.

(Condition (3) in the definitions.) A-reductions preserve constant factor approximability or
higher, i.e., if IT is A-reducbile to II" and II' is approximable to within a factor of 7(n), then II
is approximable to within ar(n®) for some constants a,c. This property suffices to preserve
membership in APX (log-APX, poly-APX), i.e.,if Il is in APX (log-APX, poly-APX) then
IT is also in APX(resp. log-APX, poly-APX). However it does not preserve membership in
PO, as can be observed by setting r» = 1.

. AP-reductions reductions are more sensitive than A-reductions. Thus if 7 is AP-reduchile to

T, then an r-approximate solution is mapped to an h(r) approximate solution where h(r) — 1
as r — 1. Thus AP-reductions preserve membership in PO or PTAS as well.

. Condition (3) of the AP-reduction is strictly stronger and thus every AP-reduction is also

an A-reduction. Unfortunately neither one of these reductions suffice for our purposes. We
need AP-reductions to show APX-hardness of problems, but we need the added flexibility of
A-reductions for other hardness results.

. The original definitions of AP-reducibility and A-reducibility of [14] and [13] were more gen-

eral. Under the original definitions, the A-reducibility does not preserve membership in
log-APX, and it is not clear whether every AP-reduction is also an A-reduction. The re-
stricted versions defined here are more suitable for our purposes. In particular, it is true that
the Vertex Cover problem is APX-complete under our definition of AP-reducibility.

Definition 2.8 (APX and poly-APX-completeness) An NPO problem 11 is APX-hard if ev-
ery APX problem is AP-reducible to 1. An NPO problem 1l is log-APX-hard (poly-APX-hard)
if every log-APX (poly-APX) problem is A-reducible to 1I. A problem 11 is APX- (log-APX-
, poly-APX-) if it is in APX (resp. log-APX, poly-APX) and it is APX- (resp. log-APX-,
poly-APX-) hard.

2.3 Problems captured by Max CSP, Max ONEs, MIN CSP and MIN ONES

We first specify our notation for commonly used functions.

0 and 1 are the functions which are always satisfied and never satisfied respectively. Together
these are the trivial functions. We will assume that all our function families do not have any
trivial functions.



T and F are unary functions given by 7'(z) = « and F(z) = -z.

For a positive integer ¢ and non-negative integer ;7 < i, OR;; is the function on ¢ variables
given by OR; ;(21,...2;) = 21V ---V-z; V241 V---Va;. OR; = OR;0; NAND; = OR; ;;
OR = OR,; NAND = NAND,.

Similarly, AND, ; is given by AND; ;(z1,...2;) = 21 A---A-2; Azj41 A---Azi. AND; =
AND; o; NOR; = AND;;; AND = ANDy; NOR = NOR,.

The function XOR; is given by XOR(z1,...,2;) =21 & --- & 2;. XOR = XOR,.
The function XNOR; is given by XOR(z1,...,2;) = ~(21 P --- P 2;). XNOR = XNORs;.

Now we enumerate some interesting maximization and minimization problems which are “captured”
by (i.e., are equivalent to some problem in) Max CSP, Max ONEs, MIN CSP and MIN ONEs. The
following list is interesting for several reasons. First, it highlights the importance of these classes

as ones that contain interesting optimization problems. They show the diversity of the problems

captured by these classes. Furthermore, some of these problems turn out to be “complete” problems

for the partitions they belong to. Some are even necessary for a full statement of our results. Last,

for several of the minimization problems listed below, their approximability is not yet fully resolved.

We feel that these problems are somehow representative of the lack of our understanding of the
approximability of minimization problems. We start with the maximization problems.

For any positive integer k, Max kSAaT = Max CSP({OR; ;|7 € [k],0 < j < i}). MAX kSATis a
well-studied problem and known to be MAX SNP-complete [38], for k& > 2. Every MAX SNP-
complete problem is in APX (i.e., approximable to within a constant factor in polynomial
time) [38]. Also for MAX SNP-complete problem there exists a constant a greater than 1,
such that the problem is problem is not a-approximable unless NP = P [3].

Max Cutr = Max CSP({XOR}). Max Cur is also MAX SNP-complete [38] and the
best known approximation algorithm for this problem achieves a performance ratio of 1.14 ~
1/.878, [22].

For any positive integer k, Max EkSaT = Max CSP({ORg ;|0 < j < k}). The problem Max
EESAT is a variant of MAX ESAT restricted to have clauses of length exactly k.

Max CLiQuE = Max ONES(NAND). Max CLIQUE is known to be approximable to within
a factor of O(n/log*n) in an n-vertex graph [9] and is known to be hard to approximate to
within a factor of Q(n'~¢) for any € > 0 unless NP = RP [18, 23].

We now go on to the minimization problems.

The well known minimum s-t cut problem in directed graphs is equivalent to WEIGHTED MIN
CSP(F) for F = {ORy.,T, F}. This is shown in Section 5.1. This problem is well-known to
be solveable exactly in polynomial time.

The HITTING SET problem, when restricted to sets of bounded sizes B can be captured as
MiN ONEs(F) for F = {ORy|k < B}. Also, of interest to our paper is a slight generalization
of this problem which we call the Implicative HiTTING SET-B Problem (Min IHS-B) which
is MiN CSP({ORy, : k& < B} U{ORgy, F'}). The MIN ONEs version of this problem will be
of interest to us as well. The HITTING SET-B problem is well-known to be approximable to
within a factor of B. We show that Min THS-B is approximable to within a factor of B + 1.

10



MiN UNCuTr = MIN CSP({XOR}). This problem has been studied previously by Klein et
al. [32] and Garg et al. [20]. The problem is known to be MAX SNP-hard and hence not
approximable to within some constant factor greater than 1. On the other hand, the problem
is known to be approximable to within a factor of O(logn) [20].

Min 2CNF DevLeTioNn = MIN CSP({OR,NAND}). This problem has been studied by Klein
et al. [33]. They show that the problem is MAX SNP-hard and that it is approximable to
within a factor of O(lognloglog n).

NEAREST CoDEWORD = MIN CSP({XOR,XNOR}). This is a classical problem for which
hardness of approximation results have been shown by Arora et al. [2]. The MIN ONES version
of this problem is essentially identical to this problem. For both problems, the hardness result
of Arora et al. [2] shows that approximating this problem to within a factor of Q(Qlogl_en) is
hard for every ¢ > 0, unless NP C QP. No non-trivial approximation guarantees are known
for this problem (the trivial bound being a factor of m, which is easily achieved since deciding
if all equations are satisfiable amounts to solving a linear system).

Lastly we also mention one more problem which is required to present our main theorem.
MiNn HorN DEeLETION = MIN CSP({OR31,7, F'}). This problem is essentially as hard as the
NEAREST CODEWORD.

2.4 Properties of function families

We start with the six properties defined by Schaefer:

A constraint f is 0-valid (resp. I-valid) if f(0,...,0) =1 (resp. f(1,...,1)=1).

A constraint is weakly positive (resp. weakly negative) if it can be expressed as a CNF-formula
having at most one negated variable (resp. at most one unnegated variable?) in each clause.

A constraint is affine if it can be expressed as a conjunction of linear equalities over Z,.

A constraint is 2enfif it is expressible as a 2CNF-formula.

The above definitions extend to constraint families naturally. For instance, a constraint family F
is O-valid if every constraint f € F is 0-valid. Using the above definitions Schaefer’s main theorem
states: For any constraint family F, SAT(F) is in P if F is 0-valid or 1-valid or weakly positive or
weakly negative or affine or 2cnf; else deciding SAT(F) is NP-hard. We use the shorthand “F is
(not) decidable” to say that deciding membership in SAT(F) is solvable in P (is NP-hard).

We need to define some additional properties to describe the approximabilities of the optimization

problems we consider:

[ if 2-monotone if f(x1,...,2p) is expressible as (zy A---Axg,) V(-2 A---A-wj) (e, f
is expressible as a DNF-formula with at most two terms - one containing only positive literals
and the other containing only negative literals).

A constraint is width-2 affine if it is expressible as a conjunction of linear equations over Z,
such that each equation has at most 2 variables.

A constraint is strongly 0-valid if it is satisfied by all assignments with at most one 1.

*Such clauses are usually called Horn clauses.
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— A constraint f is IHS-B+ (for Implicative Hitting Set-Bounded+) if it is expressible as a CNF
formula where the clauses are of one of the following types: z1\/ - - -\ &} for some positive inte-
ger k, or mxq \/ 29, or mxy. IHS-B— constraints and constraint families are defined analogously

(with every literal being replaced by its complement). A family is a IHS-B family if the family
is a IHS-B+ family or a IHS-B— family.

We use the following shorthand for the above families: (1) Fy is the family of 0-valid constraints;
(2) Fy is the family of 1-valid constraints; (3) Fgo is the family of strongly 0-valid constraints; (4)
Fawm is the family of 2-monotone constraints; (5) Fpg is the family of IHS-B constraints; (6) Faa
is the family of width-2 affine constraints; (7) Facnr is the family of 2CNF constraints; (8) Fju is
the family of affine constraints; (9) Fwp is the family of weakly positive constraints; (10) Fwy is
the family of weakly negative constraints.

2.5 Main Results

We now present the main results of this paper. A more pictorial representation is available in
Appendices B.1, B.2, B.3 and B.4. The theorems use the shorthand II’ is II-complete to indicate
that the problem II' is equivalent (under A-reductions) to the problem II. All theorems are stated
assuming F has no trivial constraints, i.e., constraints that are always satisfied or never satisfied.
The first theorem is a minor strengthening of Creignou’s theorem [11] so as to cover problems such
as MAX EESAT. The remaining theorems cover MaxX ONEs, MIN CSP and MIN ONES respectively.

Theorem 2.9 (Max CSP classification) For any constraint set F, the problem (WEIGHTED)
Max CSP(F) is always either in PO or is APX-complete. Furthermore, it is in PO if and only if
F is O-valid or 1-valid or 2-monotone.

Theorem 2.10 (Max ONEs classification) For any constraint set F, the problem (WEIGHTED)
Max ONEs(F) is either in PO or is APX-complete or poly-APX-complete or decidable but not
approzimable to within any factor or not decidable. Furthermore,

(1) If F is 1-valid or weakly positive or affine with width 2, then (WEIGHTED) MAX ONES(F) is
n P.

(2) PLlse if F is affine then (WEIGHTED) MaX ONES(F) is APX-complete.

(8) Flse if F is strongly 0-valid or weakly negative or 2CNF then (WEIGHTED) MAX ONES(F)
is poly-APX-complete.

(4) Flse if F is 0-valid then SAT(F) is in P but finding a solution of positive value is NP-hard.
(5) Llse finding a feasible solution to (WEIGHTED) MaX ONES(F) is NP-hard.

Theorem 2.11 (MiNn CSP classification) For any constraint set F, the problem (WEIGHTED)
MIN CSP(F) is in PO or is APX-complete or MIN UNCuT-complete or MIN 2CNF DELETION-
complete or NEAREST CODEWORD-complete or MIN HORN DELETION-complete or the decision
problem is NP-hard. Furthermore,

(1) If F is 0-valid or 1-valid or 2-monotone, then (WEIGHTED) MIN CSP(F) is in PO.
(2) PLlse if F is IHS-B then (WEIGHTED) MIN CSP(F) is APX-complete.
(3) PLlse if F is width-2 affine then (WEIGHTED) MIN CSP(F) is MIN UNCuT-complete.
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(4) PLlse if F is 2CNF then (WEIGHTED) MIN CSP(F) is MIN 2CNF DELETION-complete.
(5) PLlse if F is affine then (WEIGHTED) MIN CSP(F) is NEAREST CODEWORD-complete.

(6) FElse if F is weakly positive or weakly negative then (WEIGHTED ) MIN CSP(F) is MIN HORN
DELETION-complete.

(7) Flse deciding if the optimum value of an instance of (WEIGHTED) MIN CSP(F) is zero is
NP-complete.

Theorem 2.12 (MIN ONEs classification) For any constraint set F, the problem (WEIGHTED)
MIN ONES(F) is either in PO or APX-complete or NEAREST CODEWORD-complete or MIN HORN
DELETION-complete or poly-AP X-complete or the decision problem is NP-hard. Furthermore,

(1) If F is 0-valid or weakly negative or width-2 affine, then (WEIGHTED) MIN ONES(F) is in
PO.

(2) PLlse if F is 2CNF or 1HS-B then (WEIGHTED) MIN ONES(F) is APX-complete.
(8) Flse if F is affine then MIN ONES(F) is NEAREST CODEWORD-complete.

(4) PLlse if F is weakly positive then (WEIGHTED) MIN ONES(F) is MIN HORN DELETION-
complete.

(5) PLlse if F is 1-valid then MIN ONES(F) is poly-APX-complete. and WEIGHTED MIN ONES(F)
i1s decidable but hard to approximate to within any factor.

(6) Llse finding any feasible solution to (WEIGHTED) MIN ONES(F) is NP-hard.

2.6 Techniques

Two simple ideas play an important role in this paper. First is the notion of an implementation
which shows how to use the constraints of a family F to enforce constraints of a different family F”,
thereby laying the groundwork of a reduction among problems. The notion of an implementation
is inspired by the notion of gadgets formalized by Bellare et al. [8] who in our language define
implementations for specific pairs of function families (F, F’). In this work we unify their definition,
s0 as to make it work for arbitrary pairs of function families. This definition of implementation also
finds applications in the work of Trevisan et al. [42] who, in our language, show uniform methods
for searching for efficient implementations for pairs of function families (F, F’).

A second simple idea we exploit here is that of working with weighted versions of optimization
problems. Even though our primary concerns were only the approximability of the unweighted
versions of problems, many of our results use as intermediate steps the weighted versions of these
problems. The weights allow us to manipulate problems more locally. However, simple and well-
known ideas eventually allow us to get rid of the weights and thereby yielding hardness of the
unweighted problem as well. As a side-effect we also show that the unweighted and weighted
problems are equally hard to approximate in all the relevant optimization problems. This extends
to minimization problems the results of Crescenzi et al. [15].

The definitions of implementations and weighted problems follows in Section 3. Section 4 shows
some technical results showing how we exploit the fact that we have functions which don’t exhibit
some property. The results of this section play a crucial role in all the hardness results. This sets us
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up for the proofs of our main theorems. In Section 5 we show the containment results and hardness
results for Max CSP. Similarly Sections 6, 7, and 8 deal with the classes MAXx ONEs, MIN CSP,
and MIN ONES, respectively.

3 Implementations

We now describe the main technique used in this paper to obtain hardness of approximation results.
Suppose we want to show that for some constraint set F, the problem Max CSP(F)is APX-hard.
We will start with a problem that is known to be APX-hard, such as Max CuT, which turns
out to be Max CSP({XOR}). We will then wish to reduce this problem to Max CSP(F). The
main technique we use to do this is to “implement” the constraint XOR, using constraints from the
constraint set F. We show how to formalize this notion next and then show how this translates to
approximation preserving reductions.

Definition 3.1 (Implementation) A collection of constraint applications Cy,...,C,, over a set
of variables ¥ = {x1,...,z,} called primary variables and § = {y1,...,y,} called auxiliary variables,
is an a-implementation of a constraint f(Z) for a positive integer « if the following conditions are
satisfied:

(1) For any assignment to & and i at most « constraints from Cy,...,C,, are satisfied.
(2) For any & such that f(Z) =1, there exists § such that exactly a constraints are satisfied.

(3) For any ¥, § such that f()?) =0, at most (a — 1) constraints are satisfied.

An implementation which satisfies the following additional property is called a strict a-imple-
mentation:

For any & such that f(z) = 0, there exists i such that exactly (o« — 1) constraints are
satisfied.

An a-implementation which satisfies the additional property that o = m is called a perfect imple-
mentation.

A constraint set F (strictly / perfectly) implements a constraint f if there exists a (strict / perfect)
a-implementation of f using constraints of F for some a < .

Remark: The definition of [8] defined (non-strict and non-perfect) implementations for specific
choices of f and F. For each choice they provided a separate definition. We unify their definitions
into a single one. Furthermore as we will show later, the use of strictness and/or perfectness greratly
enhance the power of implementations. These aspects are formalized for the first time here.

A constraint f 1-implements itself strictly and perfectly. Some more examples of strict and/or
perfect implementations are given below.

Proposition 3.2 The family {XOR} perfectly and strictly 2-implements the constraint XNOR.

Proof: The constraints XOR(z, zpoyx) and XOR(y, z25yx) perfectly and strictly implement the
constraint XNOR(z,y). o

Proposition 3.3 If f(Z) = fi(@)A\--- N\ fu(Z), then the family { f1,..., fu} perfectly k-implements
{f3-
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Proof: The collection {f1(Z),..., fe(¥)} is a perfect k-implementation of f(Z). a

The following lemma shows that the implementations of constraints compose together, if they are
strict or perfect.

Lemma 3.4 If Fy strictly implements (perfectly implements) a constraint f, and F, strictly imple-
ments (perfectly implements) a constraint g € Fy, then (F¢\{g})UF, strictly implements (perfectly
implements) the constraint f.

Proof: Let C,...,C,,, be constraint applications from Fy on variables &,y giving an ap-imple-
mentation of f with & being the constraint variables. Let C1{,...,C]  be constraint applications

from F, on variable set f’, 2 yielding an as-implementation of g. Further let the first 8 constraints
of C'1,...,C},, be applications of the constraints g.

We create a collection of my + B(mgy — 1) constraints from (Fs \ {g}) U F, on a set of variables

Z, 7, 2_71, .. .,;;’5 as follows: We include the constraint applications C541,...,C},, on variables ¥, ¥
and for every constraint application C;, for j € {1,...,3}, on variables #; (which is a subset of
variables from #,7) we place the constraints {7]«, .. C;ngj on variable set ¥;,2'; with z/; being

the auxiliary variables.

We now show that this collection of constraints satisifies properties (1)-(3) from Definition 3.1 with
a = aj + #(az —1). Additionally we show that perfectness and/or strictness is preserved. We start
with properties (1) and (3).

Consider any assignment to @ satisfying f. Then any assignment to i satisfies at most oy constraints
from the set C4,...,Cy,,. Let v of these be from the set C,...,Cg. Now for every j € {1,...,3}
any assignment to 2_7j satisfies at most ay of the constraints C1 ;,...,C}, .. Furthermore if the
constraint C'; was not satisfied by the assignment to &,%, then at most ay — 1 constraints are
satisfied. Thus the total number of constraints satisfied by any assignment is at most v(az) + (5 —

Y)az—1)+ (g —7v) = aq + B(ag —1). This yields property (1). Property (3) is achieved similarly.

We now show that if the a;- and aj-implementations are perfect we get property (2) with perfect-
ness. In this case for any assignment to ¥ satisfying f, there exists an assignment to i satisfying
Cy,...,Cp,. Furthermore for every j € {1,..., 3}, there exists an a551gnments to 2’] satisfying all
the constraints Cf ... C’ ;- Thus there exists an assignment to @, ¢, 2'1,...,2's satisfying all
my + B(mg — 1) constramts ThlS yields property (2) with perfectness.

Finally we consider the case when the a;- and aj-implementations are strict (but not necessarily
perfect) and show that in this case also the collection of constraints above satisfies property (b)
and (d). Given an assignment to & satisfying f there exists an assignment to ¥ satisfying oy
constraints from C4,...,(,,,. Say this assigment satisfied 7 clauses from the set C,...,Cz and
ay — v constraints from the set Cgiq,...,Cp,. Then for every j € {1,...,5} such that the
clauses C'; is satisfied by this assignment to &, 7, there exists an assignment to 2_7] satisfying as
clauses from the set ] . C! Furthermore, for the remaining values of j € {1,..., 3} there

LA ma,j
exists an assignment to the variables Z]‘ satisfying oy — 1 of the constraints C1 ;, .. C7’n2 ; (here
we are using the strictness of the ay implementations). This setting to Y,Z’l, .. .,Zﬁ satisfies
yag+ (=) az—1)+ a1 —7y = a1 + f(ag — 1) of the m constraints. This yields property (2). A
similar analysis can be used to show the strictness. a

Next we show a simple monotonicity property of implementations.
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Lemma 3.5 For integers a,a’ with a < o/, if F a-implements [ then F o -implements f. Fur-
thermore strictness and perfectness are preserved under this transformation.

Proof: Let constraint applications C'q,...,C,, from F on Z, % form an a-implementation of f. Let
g be a constraint from F that is satisfiable and let £ be the arity of g. Let Chp1,...,Crtar—a
be o' — « applications of the constraint g on new variables zy,...,z;. Then the collection of
constraints Cq,...,Cp14/—o on variable set &, ¢, 7 form an o’-implementation of f. Furthermore
the transformation preserves strictness and perfectness. a

3.1 Reduction from strict implementations

We first show how strict implementations are useful in establishing AP-reducibility among MaxX
CSP problems. But first we need a simple statement about the approximability of Max CSP
problems.

Proposition 3.6 ([38]) For every constraint family F that has no trivial constraints there exists
a constant k such that given any instance I of WEIGHTED Max CSP(F) with constraints of total
weight W a solution satisfying constraints of weight W/k can be found in polynomial time.

Proof: The proposition follows from the proof of Theorem 1 in [38] which shows the above for
every MAX SNP problem. a

Lemma 3.7 If every constraint of F is strictly implemented by F', then Max CSP(F) is AP-
reducible to Max CSP(F').

Proof: The reduction uses Proposition 3.6 above. Let 8 a constant such that given an instance
7 of Max CSP(F) with m constraints an assignment satisfying % constraints can be found in
polynomial time.

Recall that we need to show polynomial time constructible functions f and ¢ such that f maps an
instance 7 of Max CSP(F) to an instance of Max CSP(F’), and ¢ maps a solution to f(Z) back
to a solution of 7.

Given an instance 7 on n variables and m constraints, the mapping f simply replaces every con-
straint in Z (which belongs to ) with a strict a-implementation using constraints of 7', for some
constant . (Notice that by Lemma 3.5 some such o does exist.) The mapping retains the original
n variables of 7 as primary variables and uses m independent copies of the auxiliary variables; one
independent copy for every constraint in 7.

Let (&, %) be a r-approximate solution to the instance f(Z), where & denotes the original variables of
7 and ¥ denote the auxiliary variables introduced by f. The mapping ¢ uses two possible solutions
and takes the better of the two: The first solution is #; and the second solution z’ is the solution
which satisfies at least m/3 of the constraints in Z. ¢ outputs the solution which satisfies more
constraints.

We now show that a r-approximate solution leads to an r’-approximate solution where 7’ < 14~(r—
1) for some constant v. Let 0PT denote the value of the optimum to Z. Then the optimum of f(7)
is exactly OPT 4+ m(a —1). This computation uses the fact that for every satisfied constraint in the
optimal assignment to 7, we can satisfy a constraints of its implementation by choosing the auxiliary
variables appropriately (from Properties (1) and (2) of Definition 3.1); and for every unsatisfied
constraint exactly o — 1 constraints of its implementation can be satisfied (from Property (3) and
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strictness of the implementation). Thus the solution (Z,7) satisfies at least 1(0PT + m(a — 1))
constraints of f(Z). Thus x satisfies at least 1(0PT + m(a — 1)) — m(a— 1) constraints in Z. (Here
we use Properties (1) and (3) of Definition 3.1 to see that there must be at least 2(0PT + m(a —
1)) — m(a — 1) constraints of Z in whose implementations exactly a constraints must be satisfied.)
Thus the solution output by ¢ satisfies at least

maX{%(OPT + m(a - 1)) = m(a — 1), %}

constraints. Using the fact that max{a,b} > Aa + (1 — X)b for any A € [0,1] and using A =
W, we lower bound the above expression by

opPT
r+ Bla—1)(r—1)

Thus
, OPT

S P/t Bla =~ Dr = 1))

Thus we find that g maps r-approximate solutions of f(Z) to 1 + v(r — 1) approximate solutions
toZ for y = fla— 1)+ 1 < 0o as required. ]

=t Bla—1)r—1) =1+ (Ba—1)+1)(r-1).

3.2 Reductions from perfect implementations

We now show how to use perfect implementations to get reductions. Specifically we obtain reduc-
tions among WEIGHTED MaX ONES, WEIGHTED MIN ONES and MIN CSP problems.

Lemma 3.8 If 7' perfectly implements every constraint of F then WEIGHTED MaX ONES(F)
(WEIGHTED MIN ONES(F)) is AP-reducible to WEIGHTED MaX ONES(F') (resp. WEIGHTED
MIN ONES(F')).

Proof: Again we need to show polynomial time constructible functions f and ¢ such that f maps an
instance 7 of WEIGHTED MaxX ONES(F) (WEIGHTED MIN ONES(F)) to an instance of WEIGHTED
Max ONEsS(F') (WEIGHTED MIN ONES(F)), and ¢ maps a solution to f(Z) back to a solution of
7.

Given an instance 7 on n variables and m constraints, the mapping f simply replaces every con-
straint in 7 (which belongs to F) with a strict a-implementation using constraints of F’, for some
constant . (Notice that by Lemma 3.5 some such o does exist.) The mapping retains the original
n variables of Z as primary variables and uses m independent copies of the auxiliary variables;
one independent copy for every constraint in Z. Further, f(Z) retains the weight of the primary
variables from Z and associates a weight of zero to all the newly created auxiliary variables. Given
a solution to f(Z), the mapping ¢ is simply the projection of the solution back to the primary
variables. It is clear that every feasible solution to 7 can be extended into a feasible solution to
f(Z) which preserves the value of the objective; alternatively, the mapping g maps feasible solutions
to f(Z) into feasible solutions to Z with the same obective. (This is where the perfectness of the
implementations is being used.) Thus the optimum of f(Z) equals the value of the optimum of 7

and given an r-approximate solution to f(Z), the mapping ¢ yields an r-approximate solution to
7. a
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Lemma 3.9 If every constraint of F is perfectly implemented by F' then Min CSP(F) is A-
reducible to MIN CSP(F").

Proof: Let k be large enough so that any constraint from F has a perfect k-implementation using
constraints from F’. Let Z be an instance of MIN CSP(F) and let 7’ be the instance of MIN
CSP(F') obtained by replacing each constraint of Z with the respective k-implementation. Once
again each implementation uses the original set of variables for its primary variables and uses its
own independent copy of the auxiliary variables. It is easy to check that any assigment for 7’ of
cost V yields an assigment for 7 whose cost is between V/k and V. It is immediate to check that
if the former solution is r-approximate, then the latter is (kr)-approximate. a

3.3 Weighted vs. unweighted problems

Lemma 3.8 crucially depends on its ability to work with weighted problems to obtain reductions.
The following lemma shows that in most cases showing hardness for weighted problems is sufficient.
Specifically it shows that as long as a problem is weakly approximable, its weighted and unweighted
versions are equivalent. The result uses a a similar result from Crescenzi et al. [15] who prove that
for “nice” problems in poly-APX, weighted problems AP-reduce to problems with polynomially-
bounded integral weights. Their definition of “nice” includes all problems dealt with in this paper.
Using this result we scale all weights down to small integers and then simulate the small integral
weights by replication of clauses and/or variables.

Lemma 3.10 For any constraint family F, if WEIGHTED Max CSP(F) is in poly-APX, then
WEIGHTED MAX CSP(F)AP-reduces to Max CSP(F). Analogous results hold for MiN CSP(F),
Max ONEs(F) and MIN ONES(F).

Proof: We first use the above mentioned result of [15, Theorem 4] to AP-reduce WEIGHTED
Max CSP(F) (resp. WEIGHTED MIN CSP(F), WEIGHTED MAX ONES(F) or WEIGHTED MIN
ONES(F)) to the special class of WEIGHTED MaX CSP(F) problems with polynomially bounded
positive integral weights.® Thus it suffices to show an AP-reduction from this special class of
problems to the unweighted case.

Given an instance of WEIGHTED MaX CSP(F) on variables 1, ..., 2,, constraints C1,...,C,, and
weights wy, ..., wy,; we reduce it to the unweighted case by replication of constraints. Thus the
reduced instance has variables @1, ..., 2, and constraint {{C}72,}2, where constraint €} = C;. Tt

is clear that the reduced instance is essentially the same as the instance we started with. Similarly

we reduce WEIGHTED MIN CSP(F) to MiN CSP(F).

Given an instance Z of WEIGHTED MAX ONES(F) on variables z,...,z,, constraints C,...,C),
and weights wy,...,w,; we create an instance Z' of MAaX ONES(F) on variables {{3/2]}7}0;1 ? -
For every constraint C; of 7 of the form f(z;,...,z;, ), and for every j € {1,...,k} and n; €
{1,...,w;,} we impose the constraints f(y;',.. ,ny) We now claim that the reduced instance is
essentially equivalent to the instance we started with. To see this, notice that given any feasible
solution i to the I’ we may convert it to another feasible solution 7" in which, for every i, all

the variables {(g}”)ﬂ] = 1,...,w;} have the same assignment, by setting (7')! to 1 if any of the

variables yf/, 7' =1,...,w; is set to 1. Notice that this preserves feasibility; and only increases the

®Strictly speaking, the reduction of [15] reduces to instances with some weights being possibly zero. However it is
easy to modify their proof so that this does not happen. In particular, we may just add one to every weight in the
reduced instance and verify that this still produces an AP-reduction.
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contribution to the objective function. The assignment ' now induces an assignment to @ with
the same value of the objective function. Thus the reduced instance is essentially equivalent to
the original one. This concludes the reduction from WEIGHTED MaX ONES(F) to MaX ONES(F).
The reduction from WEIGHTED MIN ONES(F) to MIN ONES(F) is similar. o

4 Characterizations: New and Old

In this section we characterize some of the properties of functions that we study. Most of the
properties are defined so as to describe how a function behaves if it exhibits the property. For the
hardness results however we need to see how to exploit the fact that a function does not satisfy some
given property. For this we would like to see some simple witness to the fact that the function does
not have a given property. As an example consider the aflineness property. If a function is affine,
it is easy to see how to use this property. What will be important to us is if there exist a simple
witness to the fact that a function f is not affine. Schaefer [41] provides such a characterization:
If a function is not affine. then there exist assignments sy, s and s3 that satisfy f such that
s1 @ s2 @ s3 does not satisfy f. This is exploited by Schaefer (and by us) in our classifications. This
section describes other such characterizations and the implementations obtained from them. First
we introduce some more definitions and notations that we will be used in the rest of the paper.

4.1 Definitions and Notations

For s € {0,1}*, we let 5 € {0,1}" denote the complement of s. For a constraint f of arity k,
let f~ be the constraint f~(s) = f(5). For a constraint family F, let 7~ = {f~ : f € F}. For
51,52 € {0,1}*, 51 @ sy denotes the bitwise exclusive-or of the assignments s; and s. For s € {0,1}*,
Z(s) denotes the subset of indices ¢ € [k] where s is zero and O(s) denotes the subset of indices
where s in one.

For a constraint f of arity k, 5 C [k] and b € {0,1}, f|(sp) is the constraint of arity &' = k — |9
defined as follows: For variables Tipseeos it s where {i1,....ip} = [kl =5 flisoy(@iys-ori,) =
f(z1,...,2) where z; = bfor ¢ € 5. We will sometimes use the notation J(i,p) to denote the function
Jgiyp)- For a constraint family 7, the family Flo is the family {fsolf € 7,5 C [arity(f)]}. The
family F|; is defined analogously. The family F|o is the family (F|g)|1 (or equivalently the family

(Fl1)lo)-

Definition 4.1 (C-closed) A constraint f is C-closed (complementation-closed) if for every as-
signment s, f(s) = f(s).
Definition 4.2 (Existential zero/existential one) A constraint f is an existential zero con-

straint if f(0) = 1 and f(1) = 0. A constraint f is an existential one constraint if f(0) = 0 and
fhH=1

Every constraint f can be expressed as the conjunction of disjuncts. This respresentation of a
function is referred to as the conjuncive normal form (CNF) represntation of f. Alternately, a
function can also be represented as a disjunction of conjuncts and this representation is called the
disjunctive normal form (DNF') representation.

A partial setting to the variables of f that fixes the value of f to 1 is called a term of f. A
partial setting that fixes f to 0 is called a clause of f. We refer to the terms and clauses in a
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functional form: Le., we say ORs31(21, 22, 23) = 21V 22V —23 is a clause of f(zq,...,2,) if setting
r1 = 22 = 0 and z3 = 1 fixes f to being 0. Similarly we use the AND,; to denote the terms.
Notice that a DNF (CNF') representation of f can be obtained by expressing as the conjunction
(disjunction) of its terms (clauses).

Definition 4.3 (Minterm/Maxterm) A partial setting to a subset of the variables of f is a
minterm if it is a term of f and no restriction of the setting to any strict subset of the variables
fizes the value of f. Analogously a clause of f is a maxterm if it is a minimal setting to the variables
of [ so as to fix its value to 0.

As in the case of terms and clauses, we represent minterms and maxterms functionally, i.e., using

OR;; and AND; ;.

Definition 4.4 (Basis) A constraint family F' is a basis for a constraint family F if any con-
straint of F can be expressed as a conjunction of constraints drawn from F'.

Thus, for example, the basis for an affine constraint is the set {XOR,|p > 1} U {XNOR,|p > 1}.
The basis of a width-2 affine constraint is the set 7 = {XOR,XNOR, T, F'}, and a 2CNF constraint
is the set F = {OR20,0R21,0Ry9, T, F'}. The definition of a basis is motivated by the fact that
if 7' is a basis for F, then F’ can perfectly implement every function in F (see Proposition 3.3).

4.2 O0-validity and 1-validity

The characterization of 0-valid and 1-valid functions is obvious. We now show what can be imple-
mented with functions that are not 0-valid and not 1-valid.

Lemma 4.5 Let f be a non-trivial constraint which is C-closed and is not 0-valid (or equivalently
not 1-valid)®. Then {f} perfectly and strictly implements the XOR constraint.

Proof: Let k denote the arity of f and let ky and ki respectively denote the maximum number
of 0’s and 1’s in any satisfying assignment for f; clearly ko = k. Now let S, = {z1,..., 295} and
Sy = A{w,...,y21} be two disjoint sets of 2k variables each. We begin by placing the constraint
f on a large collection of inputs as follows: for each satisfying assignment s, we place (zf) (kz_kz)
constraints on the variable set 5, U S, such that every i-variable subset of 5, appears in place of
0’s in s and every (k — 4) variable subset of S, appears in place of 1’s in the assignment s, where ¢

denotes the number of 0’s in s. Let this collection of constraints be denoted by 7.

Clearly, any solution which assigns identical values to all variables in 5, and the complementary
value to all variables in 5, satisfies all the constraints in Z. We wish to show the converse, i.e.,
every assignment satisfying all the above constraints assigns identical values to all variables in S,
and the complementary value to every variable in .5,,.

Let Z and O respectively denote the set of variables set to zero and one respectively. We claim
that any solution which satisfies all the constraints must satisfy either Z = S, or Z = 5.

To see this, assume without loss of generality that |S, N Z| > k. This implies that |5, N O] > k or
else there exists a constraint in Z with all its input variables set to zero and hence is unsatisfied.
This in turn implies that no variable in 5, can take value one; otherwise, there exists a constraint
with £y + 1 of its inputs set to one, and is therefore unsatisfied. Finally, we can now conclude that

5Notice that C-closedness implies that f is 0-valid if and only if it is 1-valid.
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no variable in 5, takes value zero; otherwise, there exists a constraint with kg 4+ 1 of its inputs
set to zero and is therefore unsatisfied. Thus, Z = 5,. Analogously, we could have started with
the assumption that |5, N O] > k and established Z = 5. Hence an assignment satisfies all the
constraints in 7 iff it satisfies either the condition Z = 5, or the condition Z = S5,.

We now augment the collection of constraints as follows. Consider a least Hamming weight sat-
isfying assignment s for f. Without loss of generality, we assume that s = 10717, Clearly then,
s' = 0P*119 is not a satisfying assignment. Since f is C-closed, we have the following situation :

f0

e ——
s 0 00...0 11...1 0
s 1 00...0 11...1 1
5 0 11..1 00...0 1
¢ 1 11..1 00...0 0

We add the constraints f(z,z1, %2, ..., Zp, Y1, Y2, --o» Yg) and (Y, Y1, Y25 ooy Ypy T1, T2y .oy ). 2 =1,
then to satisfy the constraint f(z,z1,9,...,2p, Y1, Y2, ..., Yy), we must have Z = 5,. Otherwise, we
have 2 = 0 and then to satisfy the constraint f(z,zq, 29, ..., 2p, Y1, Y2, ..., Yy) We must have Z = 5.
In either case, the only way we can also satisfy the constraint

f(yv Y1592, - ypv L1y T2y eeey wq)

is by assigning y the complementary value. Thus these set of constraints perfectly and strictly
implement the constraint x & y; all constraints can be satisfied iff 2 # y and if @ = y there exists
an assignment to variables in 5, and 9, such that precisely 1 constraint is unsatisfied. a

Lemma 4.6 Let fy, fi and g be non-trivial constraints, possibly identical, which are not 0-valid
and not 1-valid and not C-closed respectively. Then { fo, f1, 9} perfectly and strictly implement both
the unary constraints T and F.

Proof: We will only describe the implementation of constraint 7'(-); the analysis for the constraint
F(-) is identical. Assume, for simplicity, that all the three functions fy, fi and g are of arity k.
We build on the implementation in the proof of Lemma 4.5. To implement T'(z), we use a set
of 4k auxiliary variables S, = {z1,..., 22t} and Sy = {w1,...,y2%}. For each h € {fy, f1,9}, for
each satisfying assignment s of A, if j is the number of 0’s in s we place the <2jk) (kz_k]) constraints
h with all possible subsets of S, appearing in the indices in Z(s) and all possible subsets of .9,
appearing in O(s). Finally we introduce one constraint involving the primary variable z. Let s be
the satisfying assignment of minimum Hamming weight which satisfies fy. Notice s must include at

least one 1. Assume, without loss of generality that s = 10?19, Then we introduce the constraint
fO(xvxlv' . '7$p7y17' . '7yq)'

It is clear that by setting all variables in 5, to 0 and all variables in 5, to 1 we get an assignment
that satisfies all constraints except possibly the last constraint (which involves z). Furthermore the
last constraint is satisfied if and only if = = 1.

Now we argue that any solution which satisfies all the constraints above must set = to 1, all variables
in 5, to 0 and all variables in 5, to 1.

Let O be the set of variables in 5, U5, set to one and Z be the set of variables set to zero. Suppose
|5z N O] > k then we must have |5, N O] > k. To see this, consider a satisfying assignment s such
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that g(s) = 0; there must exist such an assignment since g is not C-closed. Now if |5, N Z| > k,
then clearly at least one constraint corresponding to s is unsatisfied - namely, the one in which the
positions in O(s) are occupied by the variables in (5, N Z) and the positions in Z(s) are occupied
by the variables in (5, N Q). Thus we must have |5, N O| > k. But if we have both [S, N O| > k
and |5y N O| > k, then there is at least one unsatisfied constraint in the instance 7 since f; is not
1-valid. Thus this case cannot arise.

So we now consider the case |5, N Z| > k. Then for constraints in Zy to be satisfied, we must
once again have |5, N O] > k; else there is a constraint with all its inputs set to zero and is hence
unsatisfied. This can now be used to conclude that S, N Z = ¢ as follows. Consider a satisfying
assignment with smallest number of ones. This number is positive since fy is not 0-valid. If we
consider all the constraints corresponding to this assignment with inputs from 5, and 5, N Z only,
it is easy to see that there will be at least one unsatisfied constraint if S, N Z # ¢. Hence each
variable in 5, is set to one in this case. Finally, using the constraints on the constraint f; which is
not 1-valid, it is easy to conclude that in fact Z = 5.

Having concluded that 5, = Z and Sy = O, it is easy to see that the constraint fo(z,z1,...,2p, ¥1,
.., Yq) is satisfied only if = 1. Thus the set of constraints imposed above yields a strict and

perfect implementation of T'(-). The constraint F(-) can be implemented in an analogous manner.
a

For the CSP classes, it suffices to consider the case when F is neither 0-valid nor 1-valid. For the
Max ONEs and MIN ONES classes we also need to consider the case when F only fails to have
one of these two properties. So keeping these classes in mind we prove the following lemma, which
shows how to obtain a weak version of T and F in these cases.

Lemma 4.7 If F is not C-closed and not 1-valid, then F perfectly and strictly implements some
existential zero constraint. Analogously, if F is not C-closed and not 0-valid, then F perfectly and
strictly implements some existential one constraint.

Proof: We only prove the first part of the lemma. The second part is similar.

The proof reduces to two simple subcases. Let f be the constraint that is not 1-valid. If f is
0-valid, then we are done since f is an existential zero constraint. If f is not 0-valid, then F has a
non-C-closed function, a non 0-valid function and a non-1-valid function, and hence by Lemma 4.6
, F perfectly and strictly implements F which is an existential zero function. a

4.3 2-monotone functions

Definition 4.8 (0/1-Consistent Set) A set V C {1,...,k} is O-consistent (1-consistent) for a
constraint f : {0,1}% — {0, 1} if every assignment s with Z(s) D'V (resp. O(s) D'V ) is a satisfying
assignment for f.

Lemma 4.9 A constraint [ is a 2-monotone constraint if and only if all the following conditions
are satisfied:

(a) for every satisfying assignment s of f either Z(s) is 0-consistent or O(s) is 1-consistent.
(b) if V1 is I-consistent and V3 is I-consistent for f, then Vi NV, is I-consistent, and

(c) if V1 is O-consistent and V3 is O-consistent for f, then Vi NV, is O-consistent.
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Proof: We use the fact that a constraint can be expressed in DNF form as a disjunction of
conjunctions (sum of terms). For a 2-monotone constraint this implies that we can express it as
a sum of two terms. Every satisfying assignment must satisfy one of the two terms and this gives
Property (a). Properties (b) and (c) are obtained from the fact that the constraint has at most
one term with all positive literals and at most one term with all negative literals.

Conversely consider a constraint f which satisfies properties (a)-(c). Let s1,..., s be the satisfying
assignments of f such that Z(s;) is 0-consistent, for ¢ € {1,...,{}. Let ¢1....,%; be the satisfying
assignments of f such that O(¢;) is 1-consistent, for j € {1,...,k}. Then Z = N;Z(s;) and
O = N;0(t;) are 0-consistent and 1 consistent sets for f respectively (using (b) and (c)) which
cover all satisfying assignments of f. Thus f(X) = (AiezX:) V (AjeoX;), which is 2-monotone. O
We now use the characterization above to prove, in Lemma 4.11, that if a function f is not 2-
monotone, then the family {f, T, F'} implements the function XOR. We first prove a simple lemma
which shows implementations of XOR by some specific constraint families. This will be used in
Lemma 4.11.

Lemma 4.10 1. The family {ANDq 1} strictly implements the XOR constraint.

2. For every p > 2, the family {f,, T, F'} strictly and perfectly implements the XOR constraint,
where fy(z1,...,2,) = ORp(21,...,2,) ANAND,(21,...,2,).

3. For every p > 2, the family {NAND,, T, F'} strictly implements the XOR constraint.

Proof: For Part (1) we observe that the constraints {ANDg (21, 22), ANDy (22, 21)} provide a
strict (but not perfect) 1-implementation of XOR(z1, z2).

For Part (2) notice that the claim is trivial if p = 2. For p > 3, the constraints { f,(z1,...,2,),T(z3),

., T(z,)} perfectly and strictly implement OR(zq,22). Similarly the constraints { f,(z1,...,2,),
F(zs),..., F(x,)} perfectly and strictly implement the constraint NAND(zq, 23). Finally the con-
straints OR(z1, z2) and NAND(a1, 23) perfectly and strictly implement the constraint XOR(z1, z3).
Part (2) follows from the fact that implementations compose (Lemma 3.4).

Finally for Part (3), we first use the constraints {NAND,(z1,...,2,), F(23),...,F(z,)} to imple-
ment the constraint NAND(zq,z2). We then use the constraints {NAND(zq,z2), NAND(z;.22),
T(z1),T(z2)} to obtain a 3-implementation of the constraint XOR(z1, z2). o

Lemma 4.11 Let f be a constraint which is not 2-monotone. Then {f,T, F} strictly implements
XOR.

Proof: The proof is divided into three cases, which depend on which of the 3 conditions defining
2-monotonicity is violated by f. We first state and prove the claims.

Claim 4.12 If f is a function violating property (a) of Lemma 4.9, then {f,T,F'} strictly and
perfectly implement XOR.

Proof: There exists some assignment s satisfying f, and two assignments sy and sy such that
Z(s) C Z(sp) and O(s) C O(s1), such that f(so) = f(s1) = 0. Rephrasing slightly, we know that

there exists a triple (sg,s,s1) with the following properties:
f(s0) = f(s1) = 1; f(s) = 0; Z(s0)2Z(s)2Z(s1); O(s0) C O(s) C O(s1); (1)

We call property (1) the “sandwich property”. Of all triples satisfying the sandwich property, pick
the one that minimizes |Z(so) N O(s1)].
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Without loss of generality, assume that Z(sq)NO(s1) ={1,...,p} Z(s0)NZ(s1) = {p+1,...,q}and
O(so)NO(s1) ={¢+1,....k}. (Notice that the sandwich property implies that O(sq)NZ(s1) = 0.)
Let f; be the constraint given by fi(z1,...,2,) = f(21,...,25,0,...,0,1,...,1). Notice that the
constraint applications f(xzq...2x) and T'(z;) for every i € O(sg) N O(sy) and F(z;) for every
i € Z(s0) N Z(s1) implement the function f;. Thus it suffices to show that {f1,7, F'} implements
XOR.

The constraint f; has the following properties:

1. f1(0)= fi(1)=0.
2. f1 has a satisfying assignment. Thus p (the arity of f1) is at least 2.

3. If fi(t) = 0, then for every assignment ¢y such that Z(#9)2>Z(t) fi(to) = 0. (This follows
from the minimality of |Z(sg) N O(s1)| above. If not then consider the assignments s, s’, s}:
where all the three assignments are zero on Z(sg) N Z(s1), all three are one on O(sp) N O(s1)
and on the set Z(sg) N O(sy1), s( is set to all zeroes, s’ is identical to ¢y and s is identical
to t. The triples (s, s',]) also satisfy the sandwich property and have a smaller value of

1Z(s5) 0 O(s1)])

4. If fi(t) = 0, then for every assignment t; such that O(¢t1)20(t) fi(t1) = 0. (Again from the
minimality of |Z(sq) N O(s1)].)

These properties of fi now allow us to identify f; almost completely. We show that either (a) p = 2
and fi(zyzy) is either z1 A =22 or —ay A zg; or (b) f is satisfied by every assignment other than
the all zeroes assignment and the all ones assignment. In either case { fi,T, F'} strictly implements
XOR (from Lemma 4.10, Parts (1) and (2)). Thus proving that either (a) or (b) holds concludes

the proof of the claim.

Suppose (b) is not the case. Le., fi is left unsatisfied by some assignment ¢ and ¢t # 0 and ¢ + I
Then we will show that the only assignment that can satisfy f; is #. But this implies that ¢, £, 0 and
[ are the only possible assignments to fi, implying p must be 2 thereby yielding that (a) is true.
Thus it suffices to show that if fi(¢) = 0, and ¢’ # ¢, then fi1(¢') = 0. Since ?' is not the bitwise
complement of ¢, there must exist some input variable which shares the same assignment in ¢ and
t’. W.Lo.g. assume this is the variable ;. Then we claim that the assignment f;(01...1) = 0.
This is true since O(01...1)20(t). Now notice that f(¢') = 0 since Z(¢')2Z(01...1). Thus we
conclude that either (a) or (b) holds and this concludes the proof of the claim. a

Claim 4.13 Suppose f violates property (b) of Lemma 4.9. Then {f,T, F'} strictly and perfectly
implement XOR.

Proof: Let Vi and V5 be two 1-consistent sets such that V4 N V5 is not 1-consistent. l.e., There
exists an assignment s s.t. O(s)2V; N V5 and f(s) = 0. Among all such assignments let s be the
one with the maximum number of 1’s. The situation looks as described below:

V1
Va
Vi\O(s) Vinv, V2\O(s)
S 00..0 11...1 11...1 11..1 00..0 00..011...1
[ A ——
P q T 13 u v w



In other words s = 0P19F"+t10%t"1" and f(s) = 0. Furthermore, every assignment of the form
1PFatryttutvtw gatisfies f and every assignment of the form #P+217 e v+ gatisfies f (where the
«s above can be replaced by any of 0/1 independently). In particular this implies that p,u > 1.
Consider the function f; on p+w > 2 variables obtained from f by restricting the variables in O(s)
to 1 and restricting the variables in Z(s) — (V3 U V2) to 0. Notice that the constraint applications
flzy...xg), T(x;) for @ € O(s) and F(z;) for ¢ € Z(s) — (V4 U Vy) strictly implement f;. Thus it
suffices to show that {f;,7’, '} implements XOR. We do so by observing that fi(21...2,4,) is the
function NAND, ;.. Notice that f;(0) = 0. Furthermoreif f;(¢) = 0 for any other assignment ¢ then
it contradicts the maximality of the number of 1’s in s. The claim now follows from Lemma 4.10,
Part (3), which shows that the family {NAND,,, 7, F'} implements XOR, provided p+ v > 2. O

Claim 4.14 Suppose f violates property (c¢) of Lemma 4.9. Then {f,T, F'} strictly and perfectly
implement XOR.

Proof: Similar to proof of the claim above. a

The lemma now follows from the fact any constraint f, that is not 2-monotone must violate one of
the properties (a), (b) or (¢) from Lemma 4.9. ]

4.4 Affine functions

Lemma 4.15 ([41]) f is an affine function if and only if for every three satisfying assignments
81,82 and s3 to f, s1 @ sy P s3 is also a satisfying assignment.

We first prove a simple consequence of the above which gives a slightly simpler sufficient condition
for a function to be affine.

Corollary 4.16 If f is not affine, then there exist two satisfying assignments sy and sy to f such
that s1 @ sy does not satisfy f.

Proof: Assume otherwise. Then for any three satisfying assignments s1, sy and s3, we have that

f(s1 @ s2) =1 and hence f((s1 @ s2) @B s3) = 1, thus yielding that f is affine. 0

Lemma 4.17 If f is a affine constraint then any function obtained by restricting some of the
variables of f to constants and existentially quantifying over some other set of variables is also

affine.

Proof: We use Lemma 4.15 above. Let f; be a function derived from f as above. Consider any
three assignments s/, s, and s which satisfy f1. Let sy s; and s3 be the respective extensions which
satisfy f. Then the assignment s; @ sy @ s3 extends s| & s, @ s and satisfies f. Thus s} & s}, P 4
satisfies fi. Thus (using Lemma 4.15) again, we find that f; is affine. O

Lemma 4.18 If [ is an affine function which is not of width-2 then [ implements either the
function XOR, of XNOR,, for some k > 3.

Proof: Let k be the arity of f. Define a dependent set of variables to be a set of variables S C
{1,...,k} such that not every assignment to the variables in S extends to a satisfying assignment
of f. A dependent set S is minimally dependent set if no strict subset S’ C S is a dependent set.
Notice that f can be expressed as the conjunction of constraints on its minimally dependent sets.
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Thus if f is not of width-2 then it must have a minimally dependent set S of cardinality at least 3.
Assume S = {1,...,p}, where p > 3. Consider the function

filzr.ooxp) = e, .z st flag, .. xp).

f1 is affine (by Lemma 4.17), is not satisfied by every assignment and has at least 2P~1 satisfying
assignments. Thus f; has exactly 2P~ assignments (since the number of satisfying assignments
must be a power of 2). Thus f; is desribed by exactly one linear constraint and by the minimality
of S this must be the constraint XOR(zy...2,) or the constraint XNOR(z1...2,). o

4.5 Horn Clauses, 2CNF and THS

Lemma 4.19 If f is a weakly positive (weakly negative / IHS-B+/ IHS-B-/ 2CNF ) constraint
then any function obtained by restricting some of the variables of f to constants and existentially

quantifying over some other set of variables is also weakly positive (resp. weakly negative / IHS-B+/
IHS-B-/ 2CNF).

Proof: It is easy to see that f remains weakly positive (weakly negative / IHS-B+/ IHS-B-/
2CNF) when some variable is restricted to a constant. Hence it suffices to consider the case where
some variable y is quantified existentially. (Combinations of the possibilities can then be handled

by a simple induction.) Thus consider the function fi(z1...2%) def Jy s.t. f(a1...25y). Let

fler . agy) (/\ C;(z) ) A\ (7\0 (C?O(w)+y)) A\ (7\1 (Ch(2)+ ﬂy))

Jo=1 =1

be a conjunctive normal form expression for f which shows it is weakly positive (weakly negative
/ THS-B+/ THS-B-/ 2CNF), where the clauses C;, C% and C] involve literals on the variables
Tlgeeey Tk

We first show a simple transformation which creates a conjunctive normal form expression for f;.
Later we show that f; inherits the appropriate properties of f.

Define mg x my clauses C9; (Z) = e C?(z)V C} (2). We now show that for every z,

2= (Ac) (A A ). 8

fi(Z) = 1 then there must exist y such that f(Zy) = 1. Notice that in this case Z is such that all
the clauses C;(Z) are satisfied and so are all the clauses C;’y( ). Thus all the clauses C9\. (Z) are
also satisfied and thus the right hand side expression above is satisfied. Conversely if the right hand
side expression is satisfied then we claim that Z satisfies all the clauses C° or all the clauses C'!.
If not and say the clauses C?O and 0}2 are not satisfied, then neither is the clause 0?01]‘1- Thus by

setting y to i where all the clauses C' are satisfied, we find that f(zy) is satisfied. Thus f(z) = 1.

To conclude we need to verify that the right hand side of (2) satisfies the same properties as f.
Furthermore we only have to consider clauses of the form COl (@) since all other clauses are directly
from the expression for f. We verify this below:
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o If f is weakly positive, then the clause C?O involves at most one negated variable, and the
clause C'} involves no negated variable (since the clause participating in f is (C] (%) 4+ —y)
which has a negated y involved in it). Thus the clause defining C;JOljl also has at most one
negated variable.)

o Similarly if f is weakly negative, then the clauses C;JOljl has at most one positive literal.

o If fis 2CNF, then the clauses C?O and C}l are of length 1 and hence the clause 0?01]‘1 is of
length at most 2.

o If f is IHS-B+ then the clause C?O has either has only one literal which is negated or has
only positive literals. Furthermore C}l has at most one positive literal. Thus Cgoljl either has
only positive literals or has at most two literals one of which is negated. Hence C%. is also

JoJ1i
[HS-B+.

e Similarly if f in IHS-B— then the clause C;JOljl is also THS-B—.

This concludes the proof of the lemma. a

Lemma 4.20 f is a weakly positive (weakly negative) constraint if and only if all its maxterms are
weakly positive (weakly negative).

Proof: Assume otherwise and assume —2y 4 -+ =2, + p41 + -+ + 24 is a maxterm of f, for
some p > 2. Let the arity of f be k. Consider the function
def —2ng—
fi(zrzg) = Fagyq, .. zp st f(alP7207 Pagyq . a).

Since —xy 4 ---x4 is an admissible clause in a CNI representation of f, we have that if we set
T1,...,%p, to 1 and setting z,41,...,2, to 0 then no assignment to x441,..., 2, satisfies f. Thus
we find that f1(11) = 0. By the fact that clause is a maxterm we have that both the assignments
T1...xy = 017710777 and 21 ...2, = 1017720977 can be extended to satisfying assignments of f.
Thus we find that f;(10) = f1(01) = 1. Thus f; is either the function NOR or XOR. It can
be verified easily that neither of these is 2-monotone. (Every basic weakly positive function on 2
variables is unsatisfied on at least one of the two assignments 01 or 10.) But this is in contradiction
to Lemma 4.19 which shows that every function obtained by restricting some variables of f to
constants and existentially quantifying over some others should yield a weakly positive function.
Thus our assumption must be wrong. a

Lemma 4.21 [ is a 2CNF constraint if and only if all its mazterms are 2CNF.

Proof: The “if” part is obvious. For the other direction we use Lemma 4.19. Assume for contrac-
tiction that f has a maxterm of the form 21 V2oV a3V --V 2,V 72p41 V- - -V —2,. (For simplicity
we assume p > 3. Other cases where one or more of the variables x,..., x5 are negated can be
handled similarly.) Consider the function

def — —
f1($1$2$3) = E|$q+1,...,$k s.t. f($1,$2,$3,0p 371q pqu-l-lv"'vxk)-

Then since 21\ 22V 23...1s a maxterm of f, we have that f1(000) = 0 and f;(100) = f,(010) =
f1(001) = 1. We claim that f; can not be a 2CNF function. If not, then to make f1(000) = 0, at
least one of the clauses x1, 3, 3, 21\ 22, 2V 23 or 3V 21, should be a clause of f; in any 2CNF
representation. But all these clauses are left unsatisfied by at least one of the assignments 100, 010
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or 001. This validates our claim that f; is not a 2CNF constraint. But f; was obtained from f by
setting some variables to a constant and existentially quantifying over others and by Lemma 4.19
Jf1 must also be a 2CNF function. This yields the desired contradiction. a

Lemma 4.22 [ is a width-2 affine function if and only if all its minimally dependent sets are of
cardinality at most 2.

Proof: We use the fact that Foa C Foonk N Fa. Suppose f € Foa has a minimally dependent
set of size p > 3 and say the set is x1,...,2,. Then by existential quantification over the variables
Tpt1,. .., 2, and by setting the variables 24, ..., 2, to 0, we obtain the function f;(21, 22, 23) which
is either XOR3 or XNOR3. But now notice that neither of these functions is a 2CNF function. But
since f is a 2CNF function Lemma 4.19 implies that f; must also be a 2CNF function. This yields
the required contradiction. a

5 Classification of Max CSP

The main results of this section are in Sections 5.1 and 5.2 were first obtained by Creignou [11].
Her focus however is on the exact results and the proofs for approximation hardness are left to
the reader to verify. We give full proofs using the notions of implementations. Our proof is also
stronger since it does not assume replication of variables as a basic primitive. This allows us to
talk about problems such as MAX EESAT. In Section 5.3 we extend Schaefer’s results to establish
the hardness of satisfiable Max CSP problems. Similar results, again with replication of variables
being allowed, were first shown by Hunt et al. [26].

5.1 Containment results for Max CSP

We start with the polynomial time solvable cases.

Proposition 5.1 WEIGHTED Max CSP(F) (WEIGHTED MIN CSP(F)) is in PO if F is 0-valid
(1-valid).

Proof: Set each variable to zero (resp. one); this satisfies all the constraints. O

Before proving the containment in PO of MaXx CSP(F) for 2-monotone function families, we show
that the corresponding WEIGHTED MIN CSP(F) is in PO. The containment for WEIGHTED MaX
CSP(F) will follow easily.

Lemma 5.2 WEIGHTED MIN CSP(F) is in PO if F is 2-monotone.

Proof: This problem reduces to the problem of finding s-¢t min-cut in directed weighted graphs.
2-monotone constraints have the following possible forms :

(a) ANDp(2ip,...,%4,),
(b) NORy(24,,..., 2 ), and

(c) ANDy(24,...524,) VNOR (24, ..oy 21,).
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Construct a directed graph GG with two special nodes F and T and a vertex »; corresponding to
each variable z; in the input instance. Let oo denote an integer larger than the total weight of all
constraints.

Now we proceed as follows for each of the above classes of constraints :

e Lor a constraint C' of weight w of the form (a), create a new node ec and add an edge from
each v; , j € [p], to ec of capacity oo and an edge from ec to T of capacity w.

o Lor a constraint C' of weight w of the form (b), create a new node ¢ and add an edge from
éc toeach v, j € [q], of capacity oo, and an edge from F’ to €¢ of capacity w.

e Pinally, for a constraint C' of weight w of the form (c), we create two nodes ec and ez and
add an edge from every v;,, j € [p], to ec of capacity oo, and finally an edge from ec to €¢
of capacity w.

Notice that each vertex of type ex or €5 can be associated with a term: ec with a term on positive
literals and e; with a term on negated literals. We use this association to show that the value of
the min F-T cut in this directed graph equals the weight of the minimum number of unsatisfied
constraints in the given WEIGHTED MIN CSP(F) instance.

Given an assignment which fails to satisfy constraints of weight W, we associate a cut as follows:
Vertex v; is placed on the F side of the cut if and only if it is set to 0. A vertex ec is placed on the
T side if and only if the term associated with it is satisfied. A vertex eg is placed on the F side if
and only if the term associated with it is satisfied. It can be verified that such an assignment has no
directed edges of capacity oo going from the F side of the cut to the T side of the cut. Furthermore
for every constraint C' of weight w, the unique edge of capcaity w inserted corresponding to this
constraint crosses the cut if and only if the constraint is not satisfied. Thus there exists a F-T cut
in this graph of capacity exactly W and hence the min F-T cut value is at most W.

In the other direction, we show that given a I-T cut in this graph of cut capacity W < oo, there
exists an assignment which fails to satisfy constraints of weight at most W. Such an assignment is
simply to assign @; = 0 iff v; is on the F' side of the cut. It may be verified that if a constraint C
of capacity w is not satisfied by this assignment, then either an edge of capacity oo must cross the
cut or the edge of capacity w corresponding to ' must cross the cut, under any placement of ex
and/or €¢ as the case may be. Since the total weight of the cut is less than oo, the latter must be
the case. Thus the assignment fails to satisfy constraints of total weight at most W. Thus the min
F-T cut in this graph has capacity exactly equal to the optimum of the WEIGHTED MIN CSP(F)
instance, and thus the latter problem can be solved exactly in polynomial time. O

For the sake of completeness we also prove the converse direction to the above lemma. We show
that the s-t min-cut problem can be phrased as a MIN CSP(F) problem for a 2-monotone family
F.

Lemma 5.3 The s-t min-cut problem is in WEIGHTED MIN CSP({OR2 1,7, F'}).

Proof: Given an instance G = (V, F) of the s-t min-cut problem, we construct an instance of
WEIGHTED MIN CSP(F)on variables z1,z3,...,2, where x; corresponds to the vertex i € V —

{s,t}:

e lLor each edge e = (s,7) with weight w., we create the constraint F(z;) with weight w..
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o lLor each edge e = (4,1) with weight w., we create the constraint 7'(x;) with weight w,.

e lLor each edge e = (¢,7) with weight w. and such that ,j ¢ {s,t}, we create the constraint
ORy1(7,7) with weight w,.

Given a solution to this instance of WEIGHTED MIN CSP(F), we construct an s-t cut by placing
the vertices corresponding to the false variables on the s-side of the cut and the remaining on the
t-side of the cut. It is easy to verify that an edge e contributes to the cut iff its corresponding
constraint is unsatisfied. Hence the optimal MIN CSP(F) solution and the optimal s-¢ min-cut
solution coincide. a

Going back to our main objective, we obtain as a simple corollary to Lemma 5.2 the following:
Corollary 5.4 For every F C Faom, WEIGHTED Max CSP(F)e PO.

Proof: Follows from the fact that given an instance Z of WEIGHTED MaX CSP(F), the optimum
solution to 7 viewed as an instance of WEIGHTED MIN CSP(F) is also an optimum solution to the
WEIGHTED MaX CSP(F) version. ]

Finally we prove a simple containment result for all of Max CSP(F) which follows as an easy
consequence of Proposition 3.6.

Proposition 5.5 For every F, WEIGHTED Max CSP(F) is in APX.

Proof: Follows from Proposition 3.6 and the fact that the total weight of all constraints is an
upper bound on the optimal solution. a

5.2 Negative results for Max CSP

In this section we prove that if F & Fo, F1, Fom then Max CSP(F) is APX-hard. We start with
a simple proposition which establishes Max CSP(XOR) as our starting point.

Lemma 5.6 Max CSP(XOR) is APX-hard.

Proof: We observe that Max CSP(XOR) captures the MAX CUT problem shown to be APX-
hard by [38, 3]. Given a graph G = (V, F) with n vertices and m edges, create an instance Zg
of Max CSP(F) with one variable z, for every vertex u € V and with constraints XOR(z,, z,)
corresponding to every edge {u,v} € F. It is easily seen there is a one-to-one correspondence
between (ordered) cuts in & and the assignments to the variables of Zg which maintains the values
of the objective functions (i.e., the cut value and the number of satisfied constraints). O

We start with the following lemma which shows how to use the functions which are not 0-valid or
1-valid.

Lemma 5.7 If F ¢ Fo,F1 then Max CSP(F UA{T, F}) is AP-reducible to Max CSP(F) and
MIN CSP(FUAT, F}) is A-reducible to MiN CSP(F).

Proof: Let fy be the function from F that is not 0-valid and let f; be the function that is not
1-valid. If some function ¢ in F is is not C-closed, then, by Lemma 4.6 F perfectly and strictly
implements 7" and F. Hence, by Lemmas 3.7 and 3.9, Max CSP(F U {T, F'}) is AP-reducible to
Max CSP(F) and MiNn CSP(F U {T, F'}) is A-reducible to MiN CSP(F).
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Otherwise, every function of F is C-closed and hence by Lemma 4.5, F perfectly and strictly
implements the XOR function and hence the XNOR function. Thus it suffices to show that Max
CSP(FUA{T, F'})is AP-reducible to Max CSP(F U{XOR,XNOR}) (and Min CSP(FUA{T, F'})
is A-reducible to MiN CSP(F U {XOR,XNOR})) for C-closed families F. Here we use an idea

from [8] described next.

Given an instance 7 of Max CSP(FU{T, F'}) on variables z1, ..., 2, and constraints Cq,...,Cp,
we define an instance Z’' of Max CSP(F) (MiN CSP(F)) whose variables are x4,...,2, and
additionally one new auxiliary variable 2. Each constraint of the form F(x;) (resp. T(z;)) in T
is replaced by a constraint XNOR(z;, 25) (resp. XOR(z;,zF)). All the other constraints are not
changed. Thus Z’ also has m constraints. Given a solution aq,...,a,,ar for I’ that satisfies m’
of these constraints, notice that the assignment —aq, ..., -a,, 7ap also satisfies the same collection
of constraints (since every function in F is C-closed). In one of these cases the assignment to
xp is false and then we notice that a constraint of 7 is satisfied if and only if the corresponding
constraint in 7’ is satisfied. Thus every solution to Z’ can be mapped to a solution of Z with the
same contribution to the objective function. a

The required lemma now follows as a simple combination of Lemmas 4.9 and 5.7.
Lemma 5.8 If F ¢ Fo, F1, Fam, then Max CSP(F) is APX-hard.

Proof: By Lemma 4.11 FU{T, F'} strictly implements the XOR function. Thus Max CSP(XOR)
AP-reduces to Max CSP(FU{T, F'}) which in turn (by Lemma 5.7) AP-reduces to Max CSP(F).
Thus Max CSP(F) is APX-hard. ]

5.3 Hardness at Gap Location 1

Schaefer’s dichotomy theorem can be extended to show that in the cases where SAT(F) in NP-
hard to decide, it is actually hard to distinguish satisfiable instances from instances which are not
satisfiable in a constant fraction of the constraints. This is termed hardness at gap location 1
by Petrank [39] who highlights the usefulness of such hardness results in other reductions. The
essential observation needed is that perfect implementations preserve hardness gaps located at 1
and that Schaefer’s proof is based on perfect implementations. Thus we have the following theorem:

Theorem 5.9 For every constraint set F either SAT(F ) is easy to decide, or there exists € = ex >
0 such that it is NP-hard to distinguish satisfiable instances of SAT(F), from instances where 1 — ¢
fraction of the constraints are not satisfiable.

However Schaefer’s proof of NP-hardness in his dichotomy theorem relies on the ability to replicate
variables within a constraint application. We observe that this assumption can be eliminated by
creating a perfect implementation of the function XNOR. Once we have a perfect implementation
of XNOR, we can replace any p replicated copies of a variable # by p new variables z1, 29, ..., z, and
add constraints of the form XNOR(z1, z2), XNOR(z1, 23), ..., XNOR(z1, 2,). We now show how to
create a perfect implementation of the XNOR function.

Lemmas 4.5 and 4.6 show that Max CSP({ fo, f1, f2}), where fy is not 0-valid and f; is not 1-
valid, can be used to create either a perfect implementation of the function XNOR or a perfect
implementation of both unary functions 7" and F. In the latter case, we can show the following
lemma.
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Lemma 5.10 If f is not weakly negative then {f,T, F'} can perfect implement XOR or OR. Sim-
ilarly, if f is not weakly positive then {f, T, F} can perfect implement either XOR or NAND.

Proof: We only prove the first part - the second part follows by symmetry. By Lemma 4.20
we find that f has a maxterm with at least two positive literals. W..o.g. the maxterm is of
the form a4 VoV - 2,V —2p41 V-V 2, We consider the function f’ which is f existentially
quantified over all variables but zq,...,2,. Further we set z3,...,2, to 0 and zp4,...,24 to 1.
Then the assignment z; = 25 = 0 is a non-satisfying assignment. The assignments z; = 0 # x5
and 21 # 0 = 22 must be satisfying assignments by the definition of maxterm (and in particular
by the minimality of the clause). The assignment 27 = 22 = 1 may go either way. Depending on
this we get either the function XOR or OR. O

Corollary 5.11 If f; is not weakly positive and f5 is not weakly negative, then { fa, f3,T, F'} per-
fectly implements (at gap location 1) the XOR function.

Since the SAT(F) problems that we need to establish as NP-hard in Schaefer’s theorem satisfy the
condition that there exists fy, f1, f2, fs € F such that fy is not 0-valid and f; is not 1-valid, f; is
not weakly positive and f3 is not weakly negative, we conclude that F can perfectly implement
the XOR function. This, in turn, can be used to perfectly implement the function XNOR(z,y) by
using Proposition 3.2. Thus replication can be eliminated from Schaefer’s proof.

6 Classification of Max ONES

Again we will first prove the positive results and then show the negative results. But before we do
either, we will show a useful reduction between unweighted and weighted Max ONES(F) problems
which holds for most interesting function families F.

6.1 Preliminaries

We begin with a slightly stronger notion definition of polynomial-time solvability of SAT(F) (than
that of [41]). We then show that given this stronger form of polynomial time decidability the
weighted and unweighted cases of Max ONES(F) are equivalent by showing that this stronger
form of polynomial time decidability leads to a polynomial approximation algorithm. We conclude
by showing that for the Max ONES problems which we hope to show to be APX-complete or
poly-AP X-complete, the strong form of decidability does hold.

Definition 6.1 We say that a constraint family F is strongly decidable if, given m constraints from
F on n variables xy,...,x, and an index ¢ € {1,...,n}, there exists a polynomial time algorithm to
find an assignment to x4, ..., x, satisfying all m constraints and additionally satisfying the property
x; = 1 if one such exists.

Lemma 6.2 For every strongly decidable constraint family F, WEIGHTED MAX ONES(F) is in
poly-APX.

Proof: Consider an instance of WEIGHTED Max ONEs(F) with variables z4,...,2,, constraint
applications Cq, ..., (), and weights w1y, ..., w,. Assume wy; < wy < --- < w,. Let ¢ be the largest
index such that there exists a feasible solution with z; = 1. Notice that ¢ can be determined in
polynomial time due to the strong decidability of F. We also use the strong decidability to find an

32



assignment with x; = 1. It is easily verified that this yields an n-approximate solution. (Weight of
this solution is at least w;, while weight of optimal is at most Z;’:l w; < tw; < nw;.) a

Before concluding we show that most problems of interest to us will be able to use the equivalence
established above between weighted and unweighted problems.

Lemma 6.3 If F C F' for any F' € {F1, Fso, FacnNE, Fa, Fwe, FwN}, then F is strongly decid-
able.

Proof: Recall that for i € [k], f|((;},1) is the constraint obtained from f by restricting the 7th input
to 1. Define F* to be the constraint set:

F Y FO{flialf € Foie k).

First, observe that the problem of strong decidability of F reduces to the decision problem SAT(F*).
Further, observe that if 7 C F' for 7' € {F1, Facnr, Fa, Fwp, FwN}, then F* C F as well. Lastly,
if 7* C Fso, then F* C Fy. Thus in each case we end up with a problem from SAT(F) for a family
F which is polynomial time decidable in Schaefer’s dichotomy. a

Lemma 6.4 If a constraint set F perfectly implements an existential zero constraint, then F per-
fectly implements F|o. Similarly, if a constraint set F perfectly implements an existential one
constraint, then F perfectly implements F|y.

Proof: We show how to implement the constraint f(0,z1,...,25-1). The proof can be extended
to other sets by induction. Let f; be an existential zero constraint in F and let K be the arity of
fi. Then the constraints f(y;,x1,...,25-1), for ¢ € [K], along with the constraint fi(y1,...,yx)

perfectly implement the constraint f(0,21,...,25-1). (Observe that since at least one of the y;’s
in the set y1,...,yx is zero, the constraint f(0,21,...,25-1) is being enforced. Furthermore, we
can always set all of y1,...,yx to zero, ensuring that any assignment to x1,...,z5_1 satisfying
f(0,21,...,25_1) does satisfy all the constraints listed above.) O

6.2 Containment results

Lemma 6.5 If F is 1-valid or weakly positive or width-2 affine, then WEIGHTED MaxX ONES(F)
is in PO.

Proof: If F is 1-valid, then setting each variable to 1 satisfies all constraint applications with the
maximum possible variable weight.

If F is weakly positive, consider the CNF formulae for the f; € F such that each clause has at most
one negated variable. Clearly, clauses consisting of a single literal force the assignment of these
variables. Setting these variables may create new clauses of a single literal; set these variables and
continue the process until all clauses have at least two literals or until a contradiction is reached. In
the latter case no feasible assignment is possible. In the former case, setting the remaining variables
to one satisfies all constraints, and there exists no feasible assignment with a greater weight of ones.

In the case that F is affine with width 2, we reduce the problem of finding a feasible solution to
checking whether a graph is bipartite, and then use the bipartition to find the optimal solution.
Notice that each constraint corresponds to a conjunction of constraints of the form X; = X; or
X; # X;. Create a vertex X; for each variable X; and for each constraint X; # X;, add an edge
(X;, X;). For each constraint X; = X, identify the vertices X; and X; and associate the sum of
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their weights to the identified vertex; if this creates a self-loop, then clearly no feasible assignment
is possible. Check whether the graph is bipartite; if not, then there is no feasible assignment. If it
is bipartite, then for each connected component of the graph choose the larger weight side of the
bipartition and set the corresponding variables to one. a

Lemma 6.6 If F is affine then WEIGHTED Max ONES(F) is in APX.

Remark: Our proof actually shows that MAaX ONES(F) has a 2-approximation algorithm. Com-
bined with the fact that the AP-reduction of Lemma 3.10 does not lose much in the approximation
factor we essentially get the same factor for WEIGHTED MaAX ONES(F) as well.

Proof: By Lemmas 3.10, 6.2 and 6.3 it suffices to consider the unweighted case. (Lemma 6.3 shows
that F is strongly-decidable; Lemma 6.2 uses this to show that WEIGHTED MaX ONES(F) is in
poly-APX; and Lemma 3.10 uses this to provide an AP-reduction from WEIGHTED MaX ONES(F)
to Max ONES(F).)

Given an instance Z of Max ONES(F), notice that finding a solution which satisfies all constraints
is the problem of solving a linear system of equations over GF[2]. Say the linear system is given by
Az = b, where A is an m X n matrix, and b is a m X 1 column vector, and the z is an n» X 1 vector.
Assume w.l.o.g. that the rows of A are independent. By simple row operations and reordering
of the variables, we can set up the linear system as [I|A’]a = b'. Thus if 2’ represents the vector
(¥1,...,2,) and 2" represents the vector (#,,41,...,%,) then the set of feasible solutions to the
given linear system are given by

{<$/7$//>|$// 6 {07 1}n—m7$/ — —A/$// _I_ b/}

Pick a random element of this set by picking z” at random and setting 2’ accordingly. Notice that
forany i € {m+1,...,n} ;=1 w.p. % Furthermore, for any ¢ € [m], @; is either forced to 0 in all
feasible solutions, or z; is forced to 1 in all feasible solutions or z; = 1 w.p. 1/2. Thus, if S C [n]
is the set of variables which are ever set to 1 in a feasible solution, then expected number of 1’s in
a random solution is at least |.5]/2. But S is an upper bound on opT. Thus the expected value of
the solution is at least 0PT/2 and hence the solution obtained is 2-approximate solution. O

Proposition 6.7 If F C F' for some F' € {F1, Fso, FooNr, Fa, Fwp, FwN}, then WEIGHTED
Max ONES(F) € poly-APX.

Proof: Follows immediately from Lemmas 6.2 and 6.3. a

Proposition 6.8 ([41]) If F C Fo, then SAT(F) is in P.

6.3 Hardness results
6.3.1 APX-hard case

We wish to show in this section that if F is an affine family but not width-2 affine, then Max
ONES(F) is APX-hard. By Lemmas 6.2 and 3.10 it suffices to show this for WEIGHTED MAX
ONES(F). The basic APX-hard problem we work with in this section are described in the following:

Lemma 6.9 WEIGHTED MAX ONES(XNOR3) and WEIGHTED Max ONES({XOR,XNOR4}) are
APX-hard.
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Proof: We reduce the MaX CuT problem to the weighted Max ONES(XNOR3) problem as follows.
Given a graph GG = (V, F') we create a variable z,, for every vertex v € V and a variable y, for every
edge e € I/. The weight w, associated with the vertex variable z, is 0. The weight w. of an edge
variable y, is 1. For every edge e between u and v we create the constraint y. ® z, Hz, = 0. It
is clear that any 0/1 assignment to the z,’s define a cut and for an edge e = {u, v}, y. is one iff u
and v are on opposite sides of the cut. Thus solutions to the MaxX ONES problem correspond to
cuts in ¢ with the objective function being the number of edges crossing the cut. This shows the

APX-hardness of MaX ONES(XNOR3).

The reduction for WEIGHTED Max ONES({XOR,XNOR4}) is similar. Given a graph G = (V, £),
we create the variables z, for every v € V', y. for every e € F' and one global variable z (which is

supposed to be zero) and m def | E| auxiliary variables 4y, ..., y,,. For every edge e = {u, v} in G we
impose the constraints z. ® x, B x, ® z = 0. In addition we throw in the constraints z ¢ y; = 1 for
every ¢ € {1,...,m}. Finally we make the weight of the vertex variables and z zero and the weight
of the edge variables and the auxiliary variables y; is made 1. The optimum to this MAX ONES
problem is Max CuT(G)+m. Given an r-approximate solution for the Max ONES({XOR4, XOR})
instance created above, we consider the two possible solutions (as usual): (1) The solution induced
by the assignment with 0 vertices on one side and one vertices on the other & (2) A cut with
m/K edges crossing the cut (notice such a cut can be found based on Prop 3.6). The better of
these solutions has max{(1)(m + Max CuT(G)) — m, %} > s =Max Cvr(G) > m edges
crossing the cut. Thus an r-approximate solution to WEIGHTED MaX ONES({XOR,XNOR4})
yields a (14 2(r — 1))-approximate solution to Max CuT(G). Thus Max Cut(G) AP-reduces to
WEIGHTED MAX ONES({XOR,XNOR4}) and hence the latter is APX-hard. a

Lemma 6.10 If F is affine but neither width-2 affine nor 1-valid, then F perfectly implements
either XNORg or the family {XOR,XNOR4}.

Proof: Since F is affine but not of width-2, it can implement the function XOR, or XNOR, for
some p > 3 (Lemma 4.18). Let f be the non 1-valid function. We consider two possible cases
depending on whether F is C-closed or not. If g € F is not C-closed, then we find (by Lemma 6.4)
that {f, ¢} (and hence F) perfectly implements the existential zero property. This case is covered in
Claim 6.11 and we show that in this case F implements myznors. In the other case, F is C'-closed
and hence (by Lemma 4.6) F perfectly implements the XOR function. This case is covered in
Claim 6.12 and we show that in this case F perfectly implements either XNORj3 or XNOR,4. This
concludes the proof of Lemma 6.10 (modulo Claims 6.11 and 6.12). O

APX-hard.

Claim 6.11 If {f} is an existential zero function and h is either the function XOR, or XNOR,
for some p > 3, then the constraint set {f, h} perfectly implements XNORs.

Proof: Since {f} perfectly implements the existential zero property, the set {f, h} can perfectly
implement { f, h}|o (using Lemma 6.4). In particular, { f, A} can implement the constraints z1 Gz, =
band xy @ x9 @ x3 = b for some b € {0,1}. Notice finally that the constraints 2y & 2 @ y = b and
y @ a3 = b form a perfect implementation of the constraint zy @ 29 @ 23 = 0. Thus {f, h} perfectly
implements the constraint XNORs. a

Claim 6.12 If f is either the XOR, or the XNOR, function for some p > 3, then the constraint
set {f,XOR} either perfectly implements XNOR3 or XNORy.
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Proof: Since XOR perfectly implements XNOR it suffices to prove this using the functions
{f,XOR,XNOR}.

W.lo.g assume that f is the function XNOR, since else XOR,(21,...,2,-1,y) and XOR(y, z,)
perfectly implement the constraint XNOR,(z1,...,2p).

Now if p is odd, then the constraints XNOR,(z1,...,z,) and XNOR(z4,25), XNOR(z¢,27) and
so on up to XNOR(2,_1, z,) implement the constraint XNORg(21, 22, 23).

Now if p is even, then the constraints XNOR,(z1,...,2,) and XNOR(z5,z6), XNOR(z7,25) and
so on up to XNOR(2p,_1, z,) implement the constraint XNORy4 (21, 22, 23, 24). O

Lemma 6.13 If F is affine but neither width-2 affine nor 1-valid, then MaX ONES(F) is APX-
hard.

Proof: Follows from Lemmas 3.8, 6.9,and 6.10. a

6.3.2 The poly-APX-hard case

This part turns out to be long and the bulk of the work will be done in Lemmas 6.16-6.21. We first
describe the proof of the hardness result modulo the above lemmas. (Hopefully, the proof will also
provide some motivation for the rest of the lemmas.)

Lemma 6.14 If F C F' for some F' € {Fo, Facnr, Fwn} but F ¢ F" for any F" € {F1, Fa,
Fwrp}, then Max ONES(F) is poly-APX-hard.

Proof: As usual, by Lemmas 6.2 and 3.10, it suffices to show hardness of the weighted version.
First we show in Lemma 6.15 that Max ONES({NAND}) is poly-APX-hard for every k > 2. Thus
our goal is to establish that any non 1-valid, non-affine, and non weakly positive function family
can implement some NAND, constraint. We do so in three phases.

The main complication here is that we don’t immediately have a non 0-valid constraint to work
with and thus we can’t immediately reduce Max ONEs(F) to Max ONEs(F U {T,F'}). So we
go after something weaker and try to show that F can perfectly implement F|g;. In Phase 3,
(Lemmas 6.20 and 6.21) we show that this suffices. Lemma 6.20 uses the fact that Flo; is not
weakly positive to implement either NAND, or XOR. In the former case we are done and in the
latter case, Lemma 6.21 uses the fact that Flg is not affine to implement NAND.

Thus our task reduces to that of showing that F can implement Fl|o;. Part of this is easy. In
Phase 1, we show that F implements every function in F|o. This is shown via Lemma 6.16 which
shows that any family which is either 0-valid or 2CNFor weakly negative but not 1-valid or affine or
weakly positive must have a non C-closed function. This along with the non 1-valid function allows
it to implement every function in F|o (by Lemmas 4.7 and 6.4). The remaining task for Phase 2
is to show that Fg can implement F¢. If F also has a non 0-valid function then we are done since
now we can implement all of F|o; (another application of Lemmas 4.7 and 6.4). Thus all lemmas
in Phase 2, focus on F|g for 0-valid function families F. If F|g is all 0-valid, then all we can show
is that Fy either implements NANDy, for some k or ORy 1 (Lemmas 6.17 and 6.18). The former is
good, but the latter seems insufficient. In fact we are unable to implement Flg in this case. We
salvage the situation by reverting back to reductions. We AP-reduce the problem WEIGHTED MAX
ONES(Flo U {OR31}) to WEIGHTED MAX ONES(F|o1) (Lemma 6.19). This suffices to establish
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the poly-APX-hardness of WEIGHTED Max ONES(F) since

WEIGHTED MAX ONES(Flo1) <ap WEIGHTED Max ONES(F|oU{OR21})
<ap WEIGHTED MaX ONES(F)

and the last is poly-APX-hard. a
Lemma 6.15 Max ONES({NANDy}) is poly-APX-hard for every k > 2.

Proof: We reduce from MaAX CLIQUE, which is known to be poly-APX-hard. Given a graph
G, construct a Max ONEs({f}) instance consisting of a variable for every vertex in GG and the
constraint f is applied to every subset of k vertices in G’ which does not induce a clique. It may
be verified that the optimum number of ones in any satisfying assignment to the instance created
in this manner is max{k — 1,w(G)}, where w((G) is the size of the largest clique in . Given a
solution to the Max ONEs({f}) instance with [ > k ones, the set of vertices corresponding to the
variables set to one form a clique of size [. If [ < k, output any singleton vertex. Thus in all cases
we obtain a clique of size at least [/(k — 1) vertices. Thus given an r-approximate solution to the
Max ONES({NANDyg}) problem, we can find a (k — 1)r approximate solution to Max CLIQUE.
Thus Max CLIQUE is A-reducible to Max ONES({NANDy}). a

Phase 1: F implements F|o.

Lemma 6.16 If F C F' for some F' € {Fo, Facnr, Fwn} but F ¢ {F1, Faon, Fwp} then there

exists a constraint in F that is not C-closed constraint.

Proof: Notice that a C-closed 0-valid constraint is also 1-valid. Thus if F is 0-valid, then the non
1-valid constraint is not C-closed.

Next we claim that a C-closed weakly positive function f is also weakly negative. To do so,
consider the function f given by f(z) = f(#). Notice that for a C-closed function f = f. Suppose
f(z) = A, Cj(x) where the Cj’s are weakly positive clauses. Then f(2) can be described as A; C;(x)
(where C'j(2z) = C;(Z)). But in this representation f (and thus f) is seen to be a weakly negative
function, thereby verifying our claim. Thus if F is weakly negative but not weakly positive, the
non weakly-positive constraint is the non C-closed constraint.

Finally we consider the case when f is a 2CNF formula. Again define f(z) = f(z) and f'(z) =
f(z)f(z). Notice that f' = f if f is C-closed. Again consider the CNF representation of
[ = A; Cj(x) where the C;(x)’s are clauses of f of length 2. Then f(z) can be expressed as
N;j(Ci(z) ACj(z)). But C; A C; are affine constraints of width 2! Thus f” and hence f is an affine
wifth-2 constraint. Thus if F is 2CNF but not width-2 affine, the non width-2 affine constraint is
the non C-closed constraint. O

Lemma 4.7 along with Lemma 6.4 suffice to prove that F implements F|o. We now move on to
Phase 2.

Phase 2: From Fj to Flo;.

Recall that if F has a non 0-valid function, then by Lemmas 6.16, 4.7 and 6.4 it implements an
existential one and thus F|o;. Thus all lemmas in this Phase assume F is 0-valid.

Lemma 6.17 If f is 0-valid and not weakly positive, then { f}|o either perfectly implements NANDy,
for some k> 2 or ORy; or XNOR.
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Proof: Let ' = -2V -V =2, Vy1 V-V y, be amaxterm in f with more than one negation i.e.
p > 2. Since fis not weakly positive, Lemma 4.20 shows that such a maxterm exists. Substituting
a 0 in place of variables y1,y2,...,¥,, and existentially quantifying over all variables not in C', we
get a constraint g such that —z;\/ -2\ ---V -2, is a maxterm in ¢g. Consider an unsatisfying
assignment s for g with the smallest number of 1’s and let k& denote the number of 1’s in s; we
know k > 0 since the original constraint is 0-valid. W.l.o.g. assume that s assigns value 1 to
the variables z1,29,...,2} and 0 to the remaining variables. It is easy to see that by fixing the
variables Zj41,%542,...,2, to 0, we get a constraint ¢’ = (-ay V-2 V-V -ag). If k> 1, then
this perfectly implements the constraint (=X;V ---V —X}) and we are done.

Otherwise k = 1, i.e. there exists an unsatisfying assignment s which assigns value 1 to exactly
one of the x;’s, say #1. Now consider a satisfying assignment s’ which assigns 1 to x1 and has a
minimum number of 1’s among all assignments which assign 1 to zy. The existence of such an
assignment follows from €' being a maxterm in g. For instance, the assigment 17710 is a satisfying
assignment which satisfies such a property. W.lLo.g. assume that s’ = 1°0?~%. Thus the constraint
g looks as follows:

T Ty 3.2 Tigr..Zp  g()
st 0 0 00..0 00...0 1
s, 1 0 00..0 00...0 0
ss=s3 1 1 11..1 00...0 1
s4 0 1  __..._ 00...0 ?
Existential quantification over the variables 3, z4,...,2; and fixing the variables x;4; through z,

to 0 yields a constraint ¢’ which is either ORg (22, 21) or XNOR(z1,22). The lemma follows. O

Now we consider the case where we can implement the function XNOR. and show that in this case
we can either perfectly implement NAND or ORy;. In the former case we are done and for the
latter case we show in Lemma 6.19 that WEIGHTED MAX ONES(F|;) is AP-reducible to WEIGHTED
Max ONES(F U{OR31}).

Lemma 6.18 If f is 0-valid but not affine then {f, XNOR} perfectly implements either NAND or
the constraint ORy ;.

Proof: Corollary 4.16 to Lemma 4.15 shows that if f is not affine then there exist two satisfying as-
signments s; and sg such that s @ s, is not a satisfying assignment for f. Reorder the variables such
that Z(s1) N Z(s2) = {21,...,2p}, Z(51)NO(82) = {&pt1,. .., 24}, O(s1) N Z(s2) = {xgq1,. .., 25}
and O(s1)NO0(s2) = {@r41,-.., 2. Using the fact that fis 0-valid, we find that f looks as follows:

1Ty Tpyl..Ty Tgyi.Zp Tpp1..2fp  g(F)
00...0 00...0 00...0 00...0 1
S1 00...0 00...0 11...1 11...1 1
S9 00...0 11...1 00...0 11...1 1
s1 P sy 00...0 11...1 11...1 00...0 0

Consider the collection of constraints:

Lo f(0,...,0,2p41,. .., 2%).
2. XNOR(z,z;) for i € Z(s1) € O(s2).
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3. XNOR(y,z;) for i € O(s1) € Z(s2).

4. XNOR(z, ;) for i € O(s1) € O(s2).

Existentially quantifying over the variables z,41, ..., 2; we obtain an implementation of a constraint
h(z,y,z) such that A(000) = ~(011) = A(101) = 1 and A(110) = 0. Furthermore, by restricting
more of the variables in (1) above to 0, we get a perfect implementation of any function in {h}|o.
Using Claim 6.22 again we get that {h}|p can implement either NAND or ORy 1, and thus we are
done. a

Finally we show how to use OR;; functions.

Lemma 6.19 If F is 0-valid then WEIGHTED MAX ONES(F|;) AP-reduces to WEIGHTED Max
ONES(F U {OR31}).

Proof: We show something even stronger. We show how to AP-reduce WEIGHTED MaAX ONES(F U
{T'}) to WEIGHTED MAX ONES(F U {OR31}). This suffices since T" is an existential one function
and this F U {7} can perfectly implement F|;.

Given an instance 7 of WEIGHTED MaxX ONES(F U {T'}) construct an instance Z' of WEIGHTED
Max ONES(FU{OR;1}) as follows. The variable set of 7’ is the same as that of Z. Every constraint
from F in 7 is also included in Z’. The only remaining constraints are of the form 7'(X;) for some
variables X;. We simulate this constraint in 7’ with n — 1 constraints of the form OR3 (X, X;)
(i.e., 7X; V X;) for every j € [n], j # i. Every solution to the resulting instance Z’ is also a solution
to Z, since the solution must have X; = 1 or else every X; = 0. Thus the resulting instance of MaX
ONES(F U{X + Y}) has the same objective function and the same feasible space and is hence at
least as hard as the original problem. a

This concludes Phase 2.
Phase 3: 7|y implements NAND.

Lemma 6.20 If [ is not weakly positive, then { f}|o1 perfectly implements either XOR or NAND.

Proof: Let C' = (=z1V---V-2,V11 V- -Vy,) be a maxterm in f with more than one negation
i.e. p > 2. Substituting a 1 for variables z3,...,2,, a 0 for variables y;,...,y,, and existentially
quantifying over all variables not in C', we get a constraint f" such that f/(11) = 0, f/(01) = f/(10) =
1 (These three properties follow from the definition of a maxterm). Depending on whether f/(00)
is 0 or 1 we get the function XOR or NAND, respectively. a

Lemma 6.21 Let g be a non-affine constraint. Then the constraint set {g,XOR}|o1 perfectly
implements NAND.

Proof: Again it suffices to consider {g, XOR,XNOR}|o1. Let ¢ be of arity k. By Lemma 4.15 we
find that there must exist assignments sy, 59 and s3 satisfying g such that s; & so @ s3 does not
satisfy ¢g. Partition the set [k] into upto eight equivalence classes Sy, p,p, for b1,bq, b3 € {0,1} such
that for any index ¢ € Sy p,p,, (5;); = b; for every j € {1,2,3}. (Refer to Figure 1 below.)

W.lo.g. assume that indices 1 to p are in Sppg and g + 1 to k are in 5117 etc. Notice that the
assignment of a variable in S 5,5, under assignment s; @ sz & s3 is also fixed (to by &bz & b3). Now
consider the collection of constraints
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SOOO SOOI SOIO 5011 SIOO 5101 5110 Slll g(f)
51 0..0 0...0 0... L0 1.1 1.1 1.1 1.1
59 0...0
53 0...0
S1 © 89 © 83 0...0

— — o
— = o
— o~ o
oo

1. 1 0...0
0... .1 0.0
1 0 1.1

e e e
=i b
e e
A

Figure 1: Partition of inputs to g

1.g(0,...,0,2p41 ..., 2y, 1,...,1).
XNOR(z, ;) for i € Spo1.
XNOR(y, z;) for i € Soio.
XNOR(z, ;) for i € Sop11.
XOR(z, z;) for i € S1g0.

-~ o Ot e W N

)
XOR(y, z;) for ¢ € Sio1.
XOR(z, ;) for i € S110.
By existentially quantifying over the variables x,11,...,2, we perfectly implement a constraint
h(z,y, z) with the following properties: h(000) = h(011) = h(101) = 1 and h(110) = 0. Further-
more, by restricting more variables in condition (1) above, we can actually implement any function
in the set {h}|p1. Claim 6.22 now shows that for any such function h, the set {h}|y perfectly
implements either OR,; or NAND. In the latter case we are done. In the former case, notice that

the constraints ORg1(z,2) and XOR(z,y) perfectly implement the constraint NAND(z,y) so in
this case too we are done (modulo Claim 6.22). o

Claim 6.22 If h is ternary function such that h(000) = h(011) = h(101) = 1 and h(110) = 0, then
{h}|o perfectly implements either NAND or ORg .

Proof: Let Figure 2 describe the truth table for the function h.

yz

x \.00 01 11 10
ol1]-]1|A
1{B| 1| -| 0

Figure 2: Truth-table of the constraint A(X,Y, 7)

The undetermined values of interest to us are indicated in the table by A and B. The following
analysis shows that for every possible value of A and B, we can perfectly implement either NAND
or ORQJ

A=0 = FJazh(z,y,z)=y\V -z
B=0 = 3Jyhlz,y,z)=yV =
A=1,B=1 = h(z,y,0)= -2V y

Thus in each case we perfectly implement either the constraint NAND or OR, ;. a
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6.3.3 Remaining cases

We now prove that if F is not strongly decidable, then deciding if there exists a non-zero solution
is NP-hard. This is shown in Lemma 6.23. The last of the hardness results follows directly from
Schaefer’s theorem.

Lemma 6.23 If F ¢ F', for any F' € {Fso, F1, FacnE, Fa, Fwp, FwN}, then the problem of
finding solutions of non-zero value to a given instance of (unweighted) Max ONES(F) is NP-hard.

Proof: Assume, for simplicity, that all contraints of F have arity k. Given a constraint f :
{0,1}% — {0,1} and an index i € [k], let f |; be the constraint mapping {0,1}*~! to {0,1} given
by

f li(xlv o '7$k) d:ef f(xlv sy Ti—1, 17$i—|—17 .. '7$k) A f(xlv o '7$i—1707$i—|—17 .. '7$k)-
Let F’ be the set of constraints defined as follows:
FEFUL L | feFielk)
We will argue that deciding SAT(F’) is NP-hard and then that deciding SAT(F’) reduces to finding
non-zero solutions to Max ONEs(F).

First observe that 7' ¢ F”, for any F" € {Fo, F1, Facnr, Fa, Fwp, Fwn }- In particular it is not
0-valid, since F is not strongly 0-valid. Hence, once again applying Schaefer’s result, we find that

deciding SaT(F’) is NP-hard.

Given an instance of SAT(F’) on n variables & with m constraints 6, with Cq,...,Cp € F and
Coiaty-e o Cr € F'\ F, consider the instance of Max ONEs(F) defined on variable set

Wiye ooy Wht1, Y1y -« 3 Yny 1y - -5 20
with the following constraints:
1. Let f be a non-1-valid constraint in F. We introduce the constraint f(wq,...,wy).
2. For every constraint Ci(v;,,...,v;,), 1 <17 < m/, we introduce two constraints Ci(y;,,. .., %, )
and Ci(ziy,. .. 2, ).
3. For every constraint Ci(v;,,...,v;,_,), m +1 <7< m, we introduce 2(n + k + 1) constraints.
For simplicity of notation, let Ci(vs,...,v;,_,) == g(1,v,...,v5_) A g(0,05,, ... 05, _)

where g € F. The 2(n + k 4 1) constraints are:

o g(WiYiyse s lip_, ) for 1 <j<k+1

o 9(2,Yiys s Yip_, ), for 1 <5 <.

o g(wj, 2y, s, ), for 1 <j<k+1.
9(

We now show that the instance of MAX ONES(F) created above has a non-zero satisfying assignment
if and only if the instance of SAT(F’) has a satisfying assignment. Let s = s155...8; be a satisfying
assignment for the non 1-valid constraint f chosen above. First if vy,...,v, form a satisfying
assignment to the instance of SAT(F’), then we claim that the assignment w; = s; for 1 < j <
k, wpyr = 1l and y; = z; = v; for 1 < 7 < nis a satisfying assignment to the instance of
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Max ONEs(F) which has at least one 1 (namely wgiq). Conversely, let some non-zero setting
Wiy oy W1y Yy - - oy Yo 215 - - - » 2 Satisfy the instance of MAX ONES(F). W.l.o.g. assume that one
of the variable wq,...,wry1,y1,...,yn is a 1. Then we claim that the setting v; = z;, 1 <7 < n
satisfies the instance of SAT(F’). It is easy to see that the constraints Ci(v;,,...,v;, ), 1 <17 <m/,
are satisfied. Now consider a constraint Ci(v;,,..., v _,) = (0,05, ..., v )Ag(Lv, .o v, ).
Since at least one of the variables in the set wy,...,wy is a 0 and at least one of the variables in
the set wy,..., wgq1,%1,...,Yn is 1, we know that both ¢(0,z;,,...,2,_,) and ¢(1,2;,,...,2,_,)
are satisfied and hence Ci(v;,,...,v;,_,) = 1. Thus the reduced instance of Max ONES(F) has a
non-zero satisfying assignment if and only if the instance of SAT(F’) is satisfiable. O

The following lemma directly from Schaefer provides the final piece needed for completing the proof
of Theorem 2.10.

Lemma 6.24 ([41]) If F ¢ F' for any F' € {Fo, F1, Facne, Fa, Fwe, Fwn}, then SAT(F) is
NP-hard.

7 Classification of Min CSP

7.1 Preliminary results

We start with a simple equivalence between the complexity of the (WEIGHTED) MIN CSP problem
for a function family and its complement.

Proposition 7.1 For every constraint family F, (WEIGHTED) MIN CSP(F) is AP-reducible to
(WEIGHTED) MIN CSP(F7).

Proof: The reduction substitutes every constraint f(Z) from F with the constraint f~(Z) from F~.
A solution for the latter problem is converted into a solution for the former one by complementing
the value of each variable. The transformation preserves the cost of the solution. O

Proposition 7.2 If F is decidable then WEIGHTED MIN CSP(F) is in poly-APX and is AP-
reducible to MiN CSP(F).

Proof: Given an instance 7 of WEIGHTED MIN ONES(F) with constraints C1y,...,C,, sorted in
order of decreasing weight wy > --- > wy,. Let j be the largest index such that the constraints
Ch,...,C; are simulataneously satisfiable. Notice that j is computable in polynomial time and an
assignment @ satisfying C'q,...,C; is computable in polynomial time. Then the solution @ is an
m-approximate solution to 7, since every solution must fail to satisfy at least one of the constraints
C1,...,C 41 and thus have an objective of at least w;41, while @ achieves an objective of at most
it w; < mwjyy. Thus we conclude that WeiGHTED MIN CSP(F) is in poly-APX. The
second part of the proposition follows by Lemma 3.10. a

7.2 Containment Results (Algorithms) for MiN CSP

We now show the containment results described in Theorem 2.11. Most results described here are
simple containment results which follow easily from the notion of a “basis”. The more interesting
result here is a constant factor approximation algorithm for IHS- B which is presented in Lemma 7.3.

Recall that the classes contained in PO have already been dealt with in Section 5.1. We now move
on to AP X-containment results.
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Lemma 7.3 If F C Fyus, then WEIGHTED MIN CSP(F) € APX.

Proof: By Propositions 3.3 and 7.1 it suflices to prove the lemma for the problem WEIGHTED
Min CSP(IHS-B), where IHS-B = {ORg|k € [B]} U {OR24, F'}. We will show that for every B,
WEIGHTED MIN CSP(IHS-B) is B + 1-approximable.

Given an instance 7 of WEIGHTED MIN CSP(IHS-B) on variables zq,...,z, with constraints
Cy,...,Cp, with weights wq,...,w,, we create a linear program on variables y1,...,y, (corre-
sponding to the boolean variables z1,...,2,) and variables z,..., z, (corresponding to the con-
straints Cy,...,C,). For every constraint C; in the instance 7 we create a LP constraint using the
following transformation rules:

Cp ¢ e Ve Vag, for k< B —  zdyy ety = 1
C]‘ : —wil\/xiz) — Z]‘-|-(1—@/i1)‘|‘@/i2 > 1
Cj o+ oy — Zi+(l—yy) =2 1

In addition we add the constraints 0 < z;,y; <1 for every 1, j. It may be verified that any integer
solution to the above LP corresponds to an assignment to the MiN CSP problem with the variable
z; set to 1if the constraint C; is not satisfied. Thus the objective function for the LP is to minimize

> Wiz
Given any feasible solution vector y1,...,¥Un, 21, - - -, Zm to the LP above, we show how to obtain a
0/1 vector Y, ..., 4y, 2(,. .., 2, that is also feasible such that 3=, w;2¥ < (B +1)3; w;z;.

*rm

First we set y/ = min{1l,(B+1)y;} and z; = min{1, (B +1)z;}. Observe that the vector y;,...,yy,

215 2y, is also feasible and gives a solution of value at most (B +1) )", w;z;. We now show how

*rm
to get an integral solution whose value is at most (B + 1) 3", w;2’. For this part we first set y' = 1
if y; = L and 27 = 1if 2] = 1. Now we remove every constraint in the LP that is made redundant.
Notice in particular that every constraint of type (1) is now redundant (either 27 or one of the
y!’s has already been set to 1 and hence the constraint will be satisfied by any assignment to the
remaining variables). We now observe that, on the remaining variables, the LP constructed above

reduces to the following

Minimize Do Wiz
Subjectto y;, — Y, +2, > 0
Vi, 25 = 1
—Yi + Zj > 0

with the y/’s and 2§’s forming a feasible solution to the above LP. Notice further that every z; occurs
in at most one constraint above. Thus the above LP represents a s-t min cut problem, and therefore
has an optimal integral solution. We set 2’s and y’ to such an integral and optimal solution. Notice
that the so obtained solution is integral and satisfies >°, w;27 < 37 w;zt < (B +1)37; w;z;. O

Lemma 7.4 For any family F C Fap, WEIGHTED MIN CSP(F) A-reduces to MiN CSP(XOR).

Proof: First we will argue that the family 7' = {XOR, T, F'} perfectly implements F. By Propo-
sition 3.3 it suffices to implement the basic width-2 affine functions: namely, the functions XOR,
XNOR, T and F. Every function except XOR is already present in 7' and by Proposition 3.2 XOR
perfectly implements XNOR.

We conclude by observing that the family {XOR} is neither 0-valid nor 1-valid and hence, by
Lemma 5.7, WEIGHTED MIN CSP(F’) A-reduces to WEIGHTED MIN CSP(XOR). Finally the
weights can be removed using Proposition 7.2. O
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The following lemmas show reducibility to MiN 2CNF DELETION, NEAREST CODEWORD and MIN
HorN DELETION.

Lemma 7.5 For any family F C Focnr, the family {OR,NAND} perfectly implements every
function in F and hence WEIGHTED MIN CSP(F)<s MIN 2CNF DELETION.

Proof: Again it suffices to consider the basic constraints of F and this is some subset of
{ORQ,Ov OR2,17 OR2,27 T7 F}

The family 2CNF contains the first and the third function. Since it contains a non 0-valid function,
a non 1-valid function and a non C-closed function, it can also implement 7" and F' (by Lemma 4.6.
This leaves the function ORg; which is implemented by the constraints NAND(z, zpyy) and
OR(y, zpAyx) (on the variables 2 and y). The A-reduction now follows from Lemma 3.9. o

Lemma 7.6 For any family F C Fa, the family {XORs3, XNOR3} perfectly implements every
function in F. and thus WEIGHTED MIN CSP(F) <5 NEAREST CODEWORD.

Proof: It suffices to show implementation of the basic affine constraints, namely, constraints of
the form XNOR, and XOR, for every p,q > 1. We focus on the former type as the imple-
mentation of the latter is analogous. First, we observe that the constraint XNOR(z1,2) is per-
fectly implemented by the constraints {XNORs(z1, 22, 21), XNORs(21, 22, 22), XNORs(21, 22, 23),
XNORs(#1, 22, 23)} Next, the constraint F(x1) can be perfectly implemented by {XNOR(z1, 1),
XNOR(z1, 22), XNOR(21, 23), XNOR3(21, 22, 23)} Finally, the constraint XNOR,(zq,...,z,) for
any p > 3 can be implemented as follows. We introduce the following set of constraints using
the auxiliary variables z1, 22, ..., 2,_2 and the set of constraints:

{XNOR3($1, T, 2’1), XNORg(Zl, €3, 2’2), XNORg(ZQ, T4, 2’3), ey XNORg(Zp_Q, $p_1, $p)}
O

Lemma 7.7 For any family F C Fywp, the family {ORs 1, T, F'}) perfectly implements every func-
tion in F and thus WEIGHTED MIN CSP(F) <5 MIN HoRN DELETION.

Proof: As usual it suffices to perfectly implement every function in the basis {ORy} U {ORg1}.
The constraint OR(z,y) is implemented by the constraints ORs1(a,2,y) and T(a). ORg1(z,y)
is implemented by ORs1(2,y,a) and F(a). The implementation of ORs(z,y,2) is OR(z,a) and
ORs.1(a,y, ) (the constraint (a \/ ), in turn, may be implemented with the already shown method).
Thus every k-ary constraint, for k& < 3 can be perfectly implemented by the family {ORs., 7T, F'}).
For k > 4, we use the textbook reduction from SAT to 3SAT (see e.g. [19, Page 49]) and we observe
that when applied to k-ary weakly positive constraints it yields a perfect implementation using
only 3-ary weakly positive constraints. a

To conclude this section we describe the trivial approximation algorithms for NEAREST CODEWORD
and MIN HORN DELETION. They follow easily from Proposition 7.2 and the fact that both families
are decidable.

Corollary 7.8 (to Proposition 7.2) MiN HorN DELETION and NEAREST CODEWORD are in
poly-APX.
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7.3 Hardness Results (Reductions) for Min CSP

Lemma 7.9 (APX-hardness) If F ¢ F', for F' € {Fo,F1,Fam}, and F C Fus then MIN
CSP(F) is APX-hard.

Proof: The proof essentially follows from Lemma 5.8 in combination with Proposition 3.6. We
show that for every 7 Max CSP(F) AP-reduces to MIN CSP(F). Let 7 be an instance of Max
CSP(F) on n variables and m constraints. Let @’ be a solution satisfying m/k constraints that
can be found in polynomial time (by Proposition 3.6). Let @ be an r-approximate solution to
the same instance 7 viewed as an instance of MIN CSP(F). If opr is the optimum solution
to the maximization problem Z, then #” satisfies at least m — r(m — oPT) = rOPT — (r — 1)m
constraints. Thus the better of the two solutions is an r’-approximate solution to the instance Z of

Max CSP(F), where

;o OPT
T max{m/k,ropT — (r — 1)m}
< ((r—=1)k+ 1)opT
~— (r—=1Dk(m/k)+ropTr—(r—1)m
L+ (r=1)k
< 14 (r—=1k

Thus Max CSP(F) AP-reduces to MIN CSP(F). The lemma follows from the APX-hardnes of
Max CSP(F) (Lemma 5.8). ]

Lemma 7.10 (MiN UnCuTt-hardness) If F ¢ F', for F' € {Fo, F1, Fam, Fus}, and F C Fap
then MIN CSP(F) is MiNn UNCuT-hard.

Proof: Recall that MiN UNCuT-hardness requires that MiNn CSP(XOR) be A-reducible to MIN
CSP(F).

Consider (all) the minimally dependent sets of f. By Lemma 4.22 all such sets are of cardinality
at most 2. For a minimally dependent set {i,j} let
def
fij(a, ) = g, o @m0, Tty oo Tjm1, Tjg1, - - -5 Tk St f2g, .0, 2k).

By Lemma 4.17 all the f;;’s are affine and thus must be one of the functions 7T'(z;), F(z;)
XOR(z;, ;) or XNOR(z;,2;). Furthermore f can be expressed as the conjunction of f;;’s over
all the minimally dependent sets. It follows that some f; ; must be the function XOR(z;, z;) since
otherwise f would be in Fpg. Thus we conclude that f implements XOR and by Lemma 3.9 we
conclude that MiN CSP(XOR) is A-reducible to MiN CSP(F) as desired. o

For the MiN 2CNF DELETION-hardness proof, we need the following three simple lemmas.

Lemma 7.11 If f is a 2CNF function which is not width-2 affine, then f implements ORy; for
some | € {0,1,2}.

Proof: For i,j € [k], let
def
fij(a, ) = g, o @m0, Tty oo Tjm1, Tjg1, - - -5 Tk St f2g, .0, 2k).
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Recall that f can be expressed as the conjunction of f; ;’s over all its maxterms and by Lemma 4.21,
all the maxterms of f’s have at most 2 literals in them. Thus f(21,...,2x) can be expressed as
/\i,je[k] fij(z;, ;). It follows that some f; ; must be one of the functions ORy9, OR31 or ORg
(all other functions on 2 variables are affine). Thus existentially quantifying over all variables other
than z; and z;, f implements OR;; for some [ € {0,1,2}. a

Lemma 7.12 If f € Focnr is not in IHS-B, then [ implements XOR.

Proof: Once again we use the fact that f can be expressed as /\i,je[k] fij(xi,2;), where f; ; is the
function obtained from f by existentially quantifying over all variables other than z; and z;. It
follows that one of the f; ;’s must be NAND or XOR, since all the other functions on two variables
are in [HS-B+. In the latter case we are done, else we use the fact that f is not in IHS-B— to
conclude that f implements OR or XOR. In the latter case again we are done else we use the fact
that f implements both the functions NAND and OR, and that NAND(z, y) and OR(z, y) perfectly
implement XOR(z,y), to conclude that in this case too, the function f perfectly implements XOR.
O

Lemma 7.13 If f is the function ORy; for some | € {0,1,2} then the family {f,XOR} perfectly
implements both the functions OR and NAND.

Proof: The lemma follows from the fact that the function XOR essentially allows us to negate
literals. For example, given the function OR; 1(z,y) and XOR, the applications ORg 1(2, z4ux) and
XOR(zaux, y) perfectly and strictly implement the function NAND(z,y). Other implementations
are obtained similarly. a

Lemma 7.14 (MiN 2CNF DELETION-hardness) If F ¢ F', for F' € {Fo, F1, Fom, Fus, Foa},
and F C Faenr then MIN CSP(F) is MIN 2CNF DELETION-hard.

Proof: By Lemmas 7.11 and 7.12, F implements one of the functions ORy; for I € {0,1,2} and
the function XOR. By Lemma 7.13 this suffices to implement the family {NAND,OR}. Thus by
Lemma 3.9 we conclude that MiN CSP({OR,NAND}) A-reduces to MiN CSP(F). o

Lemma 7.15 If F C Fa but F ¢ F' for any F' € {Fo, F1, Fom, Fuas, Faa}, then MiN CSP(F) is
NEAREST CODEWORD-hard.

Proof: By Lemma 4.18 we know that in this case F perfectly implements the constraint 1 @ --- &
z, = b for some p > 3 and some b € {0,1}. Thus the family F U {7, F'} implements the functions
r®ydz=0,20ydz = 1. Thus NEAREST CODEWORD =MIN CSP({z@ydz=0,20ydz = 1}is
A-reducible to MIN CSP(FU{F,T}). Since F is neither 0-valid nor 1-valid, we can use Lemma 5.7
to conlude that MiN CSP(F)is NEAREST CODEWORD-hard. a

The next lemma describes the best known hardness of approximation for the NEAREST CODEWORD
problem. The result relies on an assumption stronger than NP # P.

Lemma 7.16 ([2]) For every € > 0, NEAREST CODEWORD is hard to approximate to within a
factor of Q(Qlogl_en), unless NP has deterministic algorithms running in time plog”) n

Proof: The required hardness of the nearest codeword problem is shown by Arora et al. [2]. The
nearest codeword problem, as defined in Arora et al., works with the following problem: Given a
m X n matrix A and a m-dimensional vector b, find an n-dimensional vector 2 which minimizes
the Hamming distance between Az and b. Thus this problem can be expressed as a MiN CSP
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problem with m affine constraints over n-variables. The only technical point to be noted is that
these constraints have unbounded arity. In order to get rid of such long constraints, we replace a
constraint of the form 21 @ --- @ x; = 0 into [ — 2 constraints z1 D xs D 21 = 0, 21 P x3 P 29 = 0,
etc. on auxiliary variables zq,...,2_3. (The same implementation was used in Lemma 7.6.) This
increases the number of constraints by a factor of at most n, but does not change the objective
function. Thus if M represents the number of constraints in the new instance of the problem, then
the approximation hardness which is 218" "7 can be expressed as 95 108' ™M which is still growing
faster than, say, 208" M _Gince the result of [2] holds for every positive €, we still get the desired
result claimed above. a

“m

It remains to see the MIN HoRN DELETION-hard case. We will have to draw some non-trivial
consequences from the fact that a family is not THS-B.

Lemma 7.17 Assume F ¢ Fus and either F C Fwp or F C Fwn. Then F contains a function
that is not C-closed.

Proof: Let f be a C-closed function in Fwp (Fwn). We claim that all of f’s maxterms must be
of the form T'(z;), F(x;) or ORy1(2;, ;). If not, then since f is C-closed, the maxterm involving
the complementary literals is also a maxterm of f, but the complementary maxterm is not weakly
positive (and by Lemma 4.20 every maxterm of f must be weakly positive). But if all of f’s
maxterms are of the form T'(z;), F(z;) or ORg(2;,2;), then f is in IHS-B. The lemma follows
from the fact that F ¢ Fys. a

Lemma 7.18 If f is a weakly positive function not expressible as IHS-B+, then {f,T, F'} perfectly
implements the function ORs3 .. If f is a weakly negative function not expressible as IHS-B-, then
{f,T,F} can perfectly implement the function ORg3 ;.

Proof: Let f be a weakly positive function. By Lemma 4.20 all maxterms of f are weakly positive.
Since f is not IHS-B+, f must have a maxterm of the form (—-zq V22V ---V,). We first show
that f can perfectly implement the functions XNOR and OR. To get the former, consider the
function

fi(z1,22) def prty . wp st foy, 22, 0P % 2phy, .o 2k

The function f; satisfies the properties f1(10) = 0, f1(00) = fi(11) = 1. Thus f; is either the
function XNOR or ORy;. Notice that the constraints f(zy,...,2x) and F(z;), ¢ € {4,...,p}
perfectly implement f;. Thus {f, F'} perfectly implement either the function XNOR or ORg;.

In the former case, we have the claim and in the latter case we use the fact that the constraints
ORg31(2,y) and ORy1(y, z) perfectly implement XNOR(z,y).

We next show how the family {f,7, F, XNOR} (and hence f) can perfectly implement ORy;. To
do so, we consider the function

def -
f2(@1, 72, 73) = Jptt, .o 2p 8t f(2r, 22, 23,07 3790p+17---790k)-

Again {f, F'} implement f, perfectly. By the definition of a maxterm, we find that f; satisfies
the following properties: f5(100) = 0 and f2(000) = f2(110) = f5(101) = 1. Figure 3 gives the
truth table for fy, where the unknown values are denoted by A, B, €' and D. If ' = 0 then
restricting @1 = 1 gives the constraint XOR(z2,23). But notice that XOR is not a weakly positive
function and by Lemma 4.19 every function obtained by setting some of the variables in a weakly
positive function to constants and existentially quantifying over some other subset of variables is a
weakly positive function. Thus C' = 1. If A = 1, we implement the function ORg (22, 21) by the
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Figure 3: Truth-table of the constraint f,

constraints fo(z1, 29, 23) and F(xg). Similarly if A = 0, we implement the function ORg (23, 21)
by the constraints fa(1,22,23) and F(zz). Else we have the case A =0 and D = 0. Now if B =0,
we again get ORg1(z9,21) by existentially quantifying over z3. Finally if B = 1, the constraints
fa(21, 22, 23) and XNOR(z1, z3) implement the constraint ORg 1(zg, 21).

Finally we conclude by observing that the constraints fg(w,zlAUX,ZQAUX), ORQJ(ZIAUX,y) and
ORQJ(ZzAUX, z), perfectly implement the constraint ORs1(z,y, 2).

This completes the proof for the first part. The proof if f is weakly negative is similar. O

Lemma 7.19 (The MiN HorN DELETION-hard Case) If F ¢ F', for any F' € {Fo, F1, Fom,
Fus, Faon, Focnr}, and either F C Fwp or F C Fwn, then WEIGHTED MIN CSP(F) is MIN
HorN DELETION-hard.

Proof: From Lemma 7.18 we have that either MIN CSP({OR3 1,7, F'} or MIN CSP({ORs 4,7, F'}
is A-reducible to MIN CSP(F). Furthermore, since F is not 0-valid or 1-valid we have that
MiN CSP(F U A{T, F}) is A-reducible to MIN CSP(F). The lemma follows by an application
of Proposition 7.1 which shows that the problems MiN CSP({ORs1,7, F'}) A-reduces to MIN
CSP({OR3,T, F}). o

To show the hardness of MIN HORN DELETION we define a variant of the “label cover” problem.
The original definition from [2] used a different objective function. Our variant is similar to one
used by Amaldi and Kann [1] under the name Total Label Cover.

Definition 7.20 (Total Label Cover,)
INSTANCE: An instance is decribed by sets R, Q@ and A and by p functions (given by their tables)
Q1,-.-,Q,: R — Q and a function Acc : R X (AP — {0,1}.

FEASIBLE SOLUTIONS: A solution is a collection of p functions Ay,..., A, : Q — 24, The so-
lution is feasible if for every R € R, there exists a1 € A1(Q1(R)),...,ap € Ap(Qp(R)) such that
Acc(R,aq,...,a,) = 1.

OBIECTIVE: The objective is to minimize Y 5_y Y e0 |Qi(q)].

In the appendix, we show how results from interactive proofs imply the hardness of approximating
MIN LABEL-COVER to within a factor of 216 7. We now use this result to show that hardness
of Min HoRN DELETION.

Lemma 7.21 For every ¢ > 0, MIN HORN DELETION is NP-hard to approxzimate to within a
1—¢

factor of 2l ",

Proof: Let p be such that MiN LABEL-COVER, is NP-hard to approximate to within a factor of
1—¢

28 """ (By Lemma A.3 such a p exists.) We now reduce MIN LABEL-COVER, to MIN HORN
DELETION.
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Let (@1,...,Qp, AcC) be an instance of MIN LABEL-COVER,, where (); : R — Q and Acc :
R x (AP — {0,1}. For any R € R, we define Acc(R) = {(a1,...,ap): V(R,a1,...,a,) = 1}.

We now describe the reduction. For any R € R, ay,...,a, € A, we have a variable VRay,.ap
whose intended meaning is the value of AcCc(R,ay,...,a,). Moreover, for every ¢ € [p], ) € Q, and
a € A; we have a variable z; g ,, with the intended meaning being that its value is 1 if and only
if a € A;(Q). For any z; ¢ , we have the weight-one constraint —z;,,. The following constraints
(each with weight (p X |Q| x |A|)) enforce the variables to have their intended meaning. Due to
their weight, it is never convenient to contradict them.

VReR: \/(al,...,ap)EAcc(R) YR,ay,....ap
VR € Rv A1,y...,0p € -Avl € [p] ‘' VRaq,...ap = xi,Qi(R),ai

The constraints of the first kind can be perfectly implemented with OR3 and OR3 ;1 (see Lemma 7.7).
It can be checked that this is an AP-reduction from MIN LABEL-COVER, to MIN HORN DELETION
and thus the lemma follows. a

8 MiN ONEs Classification

8.1 Preliminaries: MIN ONES vs. MIN CSP

We start with the following easy relation between MIN CSP and MiN ONES problems. Recall that
a family F is decidable if membership in SAT(F) is decidable in polynomial time.

Proposition 8.1 For any decidable constraint family F, WEIGHTED MIN ONES(F) AP-reduces
to WEIGHTED MIN CSP(F U {}'}).

Proof: Let 7 be an instance of WEIGHTED MIN ONES(F) over variables 1, ..., 2, with weights
Wi, .., Wy Let wpay be the largest weight. We construct an instance Z' of WEIGHTED MIN
CSP(FU{F}) by leaving the constraints of 7 (each with weight nwmay), and adding a constraint
F(z;) of weight w; for any ¢ = 1,...,n. Notice that whenever 7 is feasible, the optimum value for
T equals the optimum value for Z’. Given a r-approximate solution to # to Z’, we check to see if 7
is feasible and if so find any feasible solution & and output solution (from among & and &) that
achieves a lower objective. It is clear that the solution is at least an r-approximate solution if 7 is
feasible. a

Reducing a Min CSP problem to a MiN ONES problem is slightly less general.

Proposition 8.2 For any function f, let f' and f" denote the functions f'(Z,y) = OR(f(Z),y)
and f"(Z,y) = XOR(f(vecz),y) respectively. If constraint families F and F' are such that for
every f € F, f" or f" is in F', then WEIGHTED MIN CSP(F) AP-reduces to WEIGHTED MIN
ONES(F').

Proof: Given an instance 7 of WEIGHTED MIN CSP(F) we create an instance 7' of WEIGHTED
MiIN ONES(F') as follows: For every constraint C; we introduce an auxiliary variable y;. The
variable takes the same weight as the constraint C; in Z. The original variables are retained with
weight zero. If the constraint C;(Z)V y; is a constraint of ' we apply that constraint, else we
apply the constraint C;(Z) @ y = 1. Given an assignment to the variables of 7, notice that by
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setting y; = -, we get a feasible solution to Z' with the same objective value; conversely, a
feasible solution to Z’ when projected onto the variables # gives a solution with the same value to
the objective function of Z. This shows that the optimum value to Z’ equals that of Z and that an
r-approximate solution to Z’ projects to give an r-approximate solution to Z. o

Finally the following easy proposition is invoked at a few places.

Proposition 8.3 If F implements f, then F~ implements f~.

8.2 Containment Results for MIN ONES

Lemma 8.4 (PO containment) IfF C F' for some F' € {Fo, FwN, Faa}, then WEIGHTED MIN
ONES(F) is solvable exactly in polynomial time.

Proof: Follows from Lemma 6.5 and from the observation that for any family F, solving WEIGHTED
MIN ONES(F) to optimality reduces to solving WEIGHTED Max ONES(F ™) to optimality. o

Lemma 8.5 If F C F' for F' € {Fscnr, Fus}, then WEIGHTED MIN ONES(F) is in APX.

Proof: For the case F C Fycnr, a 2-approximate algorithm is given by Hochbaum et al. [25].

Consider now the case F C Fys. From Proposition 3.3 it is sufficient to consider only basic
THS- B constraints. Since [HS- B— constraints are weakly negative, we will restrict to basic IHS-B+
constraints. We use linear-programming relaxations and deterministic rounding. Let &k be the
maximum arity of a function in F, we will give a k-approximate algorithm. Let ¢ = {Cy,...,C,}
be an instance of WEIGHTED MIN ONES(F) over variable set X = {x1,...,2,} with weights
w1, ..., Ww,. The following is an integer linear programming formulation of finding the minimum
weight satisfying assigment for ¢.

Minimize ", w;y;

Subject to
yil—l—...—l—yih21 V(wzl\/\/xlh)€¢
Yi, — Yi, 2 0 v(xh V _‘$i2) €9 (SCB)
yi =10 Vo, € ¢
yi =1 Vo, € ¢
yi € {0,1} Vie{l,...,n}

Consider now the linear programming relaxation obtained by relaxing the y; € {0, 1} constrains
into 0 < y; < 1. We first find an optimum solution y* for the relaxation, and then we define a 0/1
solution by setting y; = 0 if y* < 1/k, and y; = 1 if y7 > 1/k. It is easy to see that this rounding
increases the cost of the solution at most k times and that the obtained solution is feasible for

(SCB). O
Lemma 8.6 Forany F C Fa, WEIGHTED MIN ONES(F) is A-reducible to NEAREST CODEWORD.

Proof: From Lemmas 7.6 and 3.8 we have that WEIGHTED MIN ONES(F) is A-reducible to
WEIGHTED MIN ONES({XNOR3,XORs3}). From Proposition 8.1, we have that WEIGHTED MIN
ONES(F) A-reduces to WEIGHTED MIN CSP({XORs, XNORs3, F'}). Notice further that the family
{XNOR3,XOR3} can implement F' (by Lemma 4.6). Thus we have that we have that WEIGHTED
MIN ONES(F) A-reduces to WEIGHTED MIN CSP({XORg3, XNORs3, }) = NEAREST CODEWORD.
a
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Lemma 8.7 For any F C Fwp, WEIGHTED MIN ONES(F) A-reduces to MIN HORN DELETION.

Proof: Follows from the following sequence of assertions:

(1) {ORs4,T, F} perfectly implements F (Lemma 7.7).
(2) WEIGHTED MIN ONES(F) A-reduces to WEIGHTED MIN ONES({OR31,7, F'}) (Lemma 3.8).

(3) WEeIGHTED MIN ONES({OR34,7, F'}) AP-reduces to WEIGHTED MIN CSP({OR34,7, F'})
= Min HorN DELETION (Proposition 8.1).

a

Proposition 8.8 If F is decidable then MIN ONES(F) is in poly-APX.

Proof: The proposition follows immediately from the fact that in this case it is easy to determine
if the input instance is feasible and if so, if the optimum value is zero. If so we output the 0 as the
solution, else we output any feasible solution. Since the objective is at least 1 and the solution has
value at most n, this is an n-approximate solution. a

8.3 Hardness Results for MIN ONES

We start by considering the hardest problems first. The case when F is not decidable is immediate.
We move to the case where F may be 1-valid, but not in any other of Schaefer’s easy classes.

Lemma 8.9 If F € F' for any F' € {Fo, Facnr, Fa, Fwp, FwN}, then WEIGHTED MIN ONES(F)
is hard to approximate to within any factor, and MiN ONES(F) is poly-AP X-hard.

Proof: We first show how to handle the weighted case. The hardness for the unweighted case will
follow easily. Consider a function f € F which is not weakly positive. For such an f, there exists
assignments @ and b such that f(@) = 1 and f(b) = 0 and @ is zero in every coordinate where b is
zero. (Such a input pair exists for every non-monotone function f and every monotone function
is also weakly positive.) Now let f’ be the constraint obtained from f by restricting it to inputs
where b is one, and setting all other inputs to zero. Then f’ is a satisfiable function which is not
1-valid. We can now apply Schaefer’s theorem [41] to conclude that SAT(FU{f'}) is hard to decide.
We now reduce an instance of deciding SAT(F U{f'}) to approximating WEIGHTED MIN CSP(F).
Given an instance 7 of SAT(F U {f’}) we create an instance which has some auxiliary variables
Wi, ..., Wi which are all supposed to be zero. This in enforced by giving them very large weights.
We now replace every occurence of the constraint f’ in 7 by the constraint f on the corresponding
variables with the W;’s in place which were set to zero in f to obtain f’. It is clear that if a “small”
weight solution exists to the resulting WEIGHTED MIN CSP problem, then 7 is satisfiable, else it is
not. Thus we conclude it is NP-hard to approximate WEIGHTED MIN CSP to within any bounded
factors.

For the unweighted case, it suffices to observe that by using polynomially bounded weights above,
we get a poly-APX hardness. Further one can get rid of weights entirely by replicating variables.
O

We may now restrict our attention to function families 7 that are 2CNF or affine or weakly positive
or weakly negative or 0-valid. In particular, by the containment results shown in the previous
section, in all such cases the problem WEIGHTED MIN ONES(F) is in poly-APX. We now give a
weight-removing lemma which allow us to focus on showing the hardness of the weighted problems.
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Lemma 8.10 If ¥ C F' for some F' € {Fsong,Fa, Fwp, FwN, Fo}, then WEIGHTED MIN
ONES(F) AP-reduces to MIN ONES(F).

Proof: By Lemma 3.10 it suffices to verify that WEIGHTED MIN ONES(F) is in poly-APX
in all cases. If F is weakly negative or 0-valid, then this follows from Lemma 8.4. If F is
2CNF then this follows from Lemma 8.5. If F is affine or weakly positive, then it A-reduces
to NEAREST CODEWORD or MINHORNDELETION respectively which are in poly-APX by Corol-
lary 7.8.

a

Before dealing with the remaining cases, we prove one more lemma that is useful in dealing with
MiN ONES problems.

Lemma 8.11 For every constraint set F such that FU{F'} is decidable, WEIGHTED MIN ONES(FU
{F}) AP-reduces to WEIGHTED MIN ONES(F).

Proof: Given an instance Z of WEIGHTED MIN ONES(F U {F'}) on n variables zq,..., 2, with
weights wy, . .., w, we create an instance Z' of WEIGHTED MIN ONES(F), on the variables a1, ..., 2,
using all the constraints of 7 that are from F; and for every variable variable z; such that F(z;) is
a constraint of 7, we increase the weight of the variable z; to nwpy.x where wpy g is the maximum
of the weights wq,...,w,. Asin Lemma 8.1 we observe that if Z is feasible, then the optima for 7
and 7’ are equal and given an r-approximate solution to Z’ we can find an r-approximate solution
to Z. Furthermore, since F U {F'} is decidable, we can decide whether or not Z is feasible. O

We now deal with the affine problems.

Lemma 8.12 If F is affine but not width-2 affine or 0-valid then MIN ONES(XORg3) is AP-
reducible to WEIGHTED MIN ONES(F).

Proof: Notice that since F is affline, so is F~. Furthermore, F~ is neither width-2 affine nor
1-valid. Thus by Lemma 6.10 F~ perfectly implements either the family {XNORg3} or the family
{XOR,XNORy}. Thus, by applying Proposition 8.3, we get that F implements either XORj or the
family {XOR,XNOR4}. In the former case, we are done (by Lemma 3.8). In the latter case, notice
that the constraints XNOR4(z1, 22,23, 25) and XOR(z4,25) perfectly implement the constraint
XOR4(21,22,23,25). Thus we conclude that WEIGHTED MIN ONES(XOR4) is AP-reducible to
WEIGHTED MIN ONES(F). Finally we use Lemma 8.11 to conclude that the family WEIGHTED
MiIN ONES(F)({XOR}|o) is AP-reducible to WEIGHTED MIN ONES(F). The lemma follows from
the fact that XOR3 € {XOR4}|o. 0

Lemma 8.13 If F is affine but not width-2 affine or 0-valid then, for every e > 0, MIN ONES(F)
ts NEAREST CODEWORD-hard and hard to approzimate to within a factor of Q(Qlogen).

Proof: Follows from the following sequence of reductions:

NEAREST CODEWORD
=  WEIGHTED MIN CSP({XOR3,XNORs})
<ap WEIGHTED MIN ONES({XOR4, XNOR4}) (using Proposition 8.2)
<ap WEIGHTED MIN ONES({XOR3,XOR}) (see below)
<ap WEIGHTED MIN ONES(XOR3) (using Lemma 8.11)
<ap WEIGHTED MIN ONES(F) (using Lemmas 8.12 and 3.8)
<ap MIN ONES(F) (using Lemma 8.10.)
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The second reduction above follows by combining Lemma 3.8 with the observation that the family
{XOR3,XOR} perfectly implement the functions XOR, and XNOR, as shown next. The con-
straints XORs(u, v, w) and XORs(w,z,y) perfectly implement the constraint XNOR4(u,v,z,y);
the constraints XOR4(u, v, w,2) and XOR(w, y) perfectly implement XOR4(u, v, z,y). The hard-
ness of approximation of NEAREST CODEWORDLemma 7.16. a

Lemma 8.14 If F is weakly positive and not IHS-B (nor 0-valid) then MIN ONES(F) is MIN
HorN DELETION-hard, and hence hard to approximate within glog' ~“n for any € > 0.

Proof: Follows from the following sequence of reductions:

MIN HoRN DELETION
=  WEeIGHTED MIN CSP({ORs,,7T, F'}
<ap WEIGHTED MIN ONES({OR41,0R3,OR21}) (Using Proposition 8.2.)
<ap WEIGHTED MIN ONES({OR31,7, F'}) (Using Lemmas 7.7 and 3.8.)
<ap WEIGHTED MIN ONES(F U {T, F'}) (Using Lemmas 7.18 and 3.8.)
<ap WEIGHTED MIN ONES(F U {F'}) (Using Lemma 4.6 to perfectly implement 7'.)
<ap WEIGHTED MIN ONES(F) (Using Lemma 8.11.)
<ap MiIN ONES(F) (Using Lemma 8.10.)

The hardness of approximation follows from Lemma 7.21. a
Lemma 8.15 MiN ONES(OR) is APX-hard.

Proof: We reduce VERTEX COVER to MIN ONES(OR). Given a graph G on n vertices, we construct
an instance of MIN ONES(OR) on n variables z1,...,2,. For every edge between vertex ¢ and j of
G, we create a constraint OR(z;, ;). We notice that there is a one-to-one correspondence between
an assignment to the variables and vertex covers in GG (with variables assigned 1 corresponding
to vertices in the cover) and the minimum vertex cover minimizes the sum of the variables. The
lemma follows from the fact that VERTEX COVER is APX-hard [38, 3]. 0

Lemma 8.16 (APX-hardness) If F ¢ F' for any F' € {Fo, Fwn, Faa}, then MIN ONEs(F) is
APX-hard.

Proof: We mimic the proof of Lemma 6.14. We assume that F is not affine — the case where F is
affine will be shown to be NEAREST CODEWORD-hard in Lemma 8.13. By Lemma 8.10 it suffices
to show that WEIGHTED MIN ONES(F) is APX-hard; and by Lemma 8.11 it suffices to show that
WEIGHTED MIN ONES(F U {F})is APX-hard. Since F U {F'} is not 0-valid or 1-valid or C-closed
it implements every function in F U {7, F'} and thus every function in F|o;. We now shift focus
on to the family (Flo1)~. Furthermore (Flo1)~ is neither weakly positive nor affine and thus by
Lemmas 6.20 and 6.21 it implements NAND. Using Proposition 8.3 we get that Fg; implements
OR. Using Lemma 8.15 we get that WEIGHTED MIN ONES(OR) is APX-hard. Thus we conclude
that WEIGHTED MIN ONES(F) is APX-hard. ]
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A Hardness of Total Label Cover

Definition A.1 L € MIP, [p,r, q,a] if there exists a polynomial time bounded probabilistic oracle
machine V. (verifier) such that on input x € {0,1}", the verifier picks a random string R € {0,1}"(")
coins and generates p queries Q1 = Q1(z, R),....Q, = Q,(z, R) € {0, 1}q(”) and sends query @);
to prover 11; and recieves from prover 11; an answer A; = A;(Q;) € {0, 1}“(”) and then computes a
verdict Acc(z, R, Ay,...,Ay) € {0,1} with the following properties:

Completeness: z € L = JA4(-),..., Ay(+) such that Eg[Acc(z, R, Ay, ..., Ap)] > e(n).
Soundness: = & L = VA;(-),...,A,(-), Epg[Acc(z, R, Aq,...,A4,)] < s(n).

We say V' is uniform if for every x and , there exists d,;, s.t. for every question @; € {0, 1}‘1(”),
{R € {0,1"M|Qi(R) = Q;}| = dp;. We say L is in UNIFORM-MIP. ([p, r, q, a] if there exists a
uniform verifier V- which places L in MIP ([p,r,¢q,a].

We use a recent result of Raz and Safra [40] (see also [5] for an alternate proof) which provides a
strong UNIFORM-MIP containment result for NP.

Lemma A.2 ([40, 5]) For every € > 0, there exist constants p,cy,cs and ¢z such that

NP C uNtFORM-MIP, ,_ 1 51-c . [p, c1log n, ez log n, c3log n].

Remark:

(1) The result shown by [40, 5] actually has smaller answer sizes, but this turns out to be irrelevant
to our application below, so we don’t mention their stronger result.

(2) The uniformity property is not mentioned explicitly in the above papers. However it can be
verified from their proofs that this property does hold for the verifier constructed there.

The following reduction is essentially from [35, 7, 2].

Lemma A.3 For every € > 0, there exists a p = p. such that Total Label Cover, is NP-hard to

approzimate to within a factor of olog' " m

Proof: We use Lemma A.2. Let L be an NP-complete language and for € > 0, let p, ¢y, ¢, ¢35 be
such that L € UNIFORM—MIPLQ_IOgFE/Q p,c1logn, czlogn, cslogn] and let V' be the verifier that
shows this containment. Given an instance z € {0,1}" of L with a we create an instance of Total
Label Cover, as follows: Set ();(R) to be the query generated by V' to prover II; on input z and
random string R. For every R, aq,...,a, ACC(R,aq,...,a,)is 1if V accepts the answers aq,...,a,
on random string R.

If z € L, it is clear that there exists a feasible solution A;,..., A, such that for every ¢ € Q,
|Ai(q)] = 1 and thus the value of the optimum solution is at most p|Q|.

Now we claim for a given z, if the mapped instance of Total Label Cover has a solution of size Kp|Q|
then there exist provers Ily, ..., II, such that V accepts with probability at least K=Yr/(p41)pt1,
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To see this let 1I;(¢) be a random element of A;(q). If n; , denotes the cardinality of A;(q), then
the probability that V accepts the provers response is given by

1
IR|

> I /nmiqur):

ReER =«

Define R; to be {R € Rln;q,r) = (p+ 1)K}. By Markov’s inequality and the uniformity of the
protocol |R;|/|R| < 1/(p+1).

Let Ro =R —-R1—Ry— =Ry Then |Rol/|R| > 1/(p+ 1).
We go back to bounding the probability above:

1 1
a2 Hmiaum = 75 2 [TYmaum
IRl fer IRl gz, i
1
> — > [ /niounr
|R| ReRy
1 .
> — > (1/((p+1)K))
|R| ReRy
> K7V [(p4 1)t

It follows that if ' = K(n) is less than 210’ ™" then for sufficiently large n, K=Ve/(p+ 1)+ s
1—e/2

greater than 2!°8 ". Thus a K-approximation algorithm for Total Label Cover, can be used to

decide L. Thus Total Label Cover, is NP-hard to approximate to within a factor of log!™n O

B Schematic Representations of the Classification Theorems

B.1 The MaXx CSP Classification
F

Ll

0-valid or 1-valid or Yes

2-monotone?

> In PO (Lemmas 5.1 and 5.2)

No

AP X-complete
(Proposition 5.5 and
Lemma 5.8)
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B.2 The MaX ONES Classification
F

Ll

1-valid or weakly positive or

Yes

width-2 affine?

No

Yes

A

In PO (Lemma 6.5)

Affine?

No

Strongly 0-valid or weakly

Yes

A

APX-complete (Lemmas 6.6 and
6.13)

negative or 2CNF?

Yes

A

poly-APX-complete (Proposition 6.7
and Lemma 6.14)

Feasibility is NP-hard [41]
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A

Not approximable (Lemma 6.23)




B.3 The MIN CSP Classification
F

Ll

In PO (Lemmas 5.1 and 5.2)

APX-complete (Lemmas 7.3 and 7.9)

MiN UNnCuT-complete (Lemmas 7.4
and 7.10)

MiN 2CNF DELETION-complete
(Lemmas 7.5 and 7.14)

NEAREST CODEWORD-complete
(Lemmas 7.6 and 7.15)

0-valid or 1-valid or Yes :
2-monotone?

No

THS-B? Yes
No

Width-2 affine? Yes
No

2CNT? Yes
No

Affine? Yes
No

Yo

Horn? = >

No

Not approximable [41]
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MiN HorN DELETION-complete
(Lemmas 7.7 and 7.19)




B.4 The MIN ONES Classification
F

Ll

in PO (Lemma 8.4)

APX-complete (Lemmas 8.5 and
8.16)

NEAREST CODEWORD-complete
(Lemmas 8.6 and 8.12)

MiN HorN DELETION-complete
(Lemmas 8.7 and 8.14)

0-valid or weakly negative or Yes
width-2 affine?
No
Yo

2CNF or THS? =
No

Affine? Yos
No

Weakly positive? Yes >
No

1-valid? Yos
No

Feasibility is NP-hard [41]

61

poly-APX-complete (Proposition 8.8
and Lemma 8.9)




