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This is a collection of references for a series of lectures that I gave in the “boot
camp” of the semester on spectral graph theory at the Simons Institute in August,
2014. To keep this document focused, I only refer to results related to the lectures
in question, which means that my own work is disproportionally represented. I plan
to post a better version of this document in the future, so please send me corrections
and additions.
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Definitions

In the following, G = (V, E) is an undirected graph, and L = I − D−1/2 LD−1/2 is the
normalized Laplacian of G, where D is the diagonal matrix of degrees; we denote by
dv = Dv,v the degree of vertex v.
The Rayleigh quotient of a vector x ∈ RV is
P
R(x) :=

{u,v}∈E

P

v

|xu − xv |2
dv x2v

√
(This is actually the Rayleigh quotient of x D; hopefully this abuse of notation will
not cause confusion.)
We denote the eigenvalues of L by the non-increasing sequence
0 = λ1 ≤ λ2 ≤ · · · ≤ λn
∗
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The
P volume vol(S) of a subset of vertices S ⊆ V is the sum of the degrees, vol(S) :=
v dv . The conductance of a nonempty set S is
φG (S) :=

E(S, V − S)
vol(S)

note that
φG (S) = R(1S )
We will usually omit the subscript. The conductance of a graph is
φ(G) =

min

S: vol(S)≤ 12 vol(S)

φG (S)

A closely related notion is the (degree-weighted, normalized) uniform sparsity of a
cut. The uniform sparsity of a set S is
usG (S) := vol(V ) ·

E(S, V − S)
vol(S) · vol(V − S)

and the (degree-weighted) uniform sparsest cut problem on a graph is the optimization
problem
usc(G) = min usG (S)
S

We have 21 usc(G) ≤ φ(G) ≤ usc(G), and there is a standard reduction from the
problem of computing φ(G) in general graphs to computing φ(G) in bounded-degree
regular graphs, with a constant loss in approximation, so provided that one is allowed
to add constant terms to the approximation analysis, one may use uniform sparsest
cut and conductance interchangeably, and one may assume regularity and bounded
degree without loss of generality.
It is a classical result (I am not aware of what is a correct early reference) that λk = 0
if and only if G has at least k connected components. We discuss robust versions of
this result and their applications.
The k = 2 case is well understood via the discrete Cheeger inequalities
p
λ2
≤ φ(G) ≤ 2λ2
2

(1)

Dodziuk [Dod84] proves the discrete Cheeger inequality in the above form. Independently, a relation between vertex expansion and λ2 was proved by Alon and Milman
[Alo86, AM85]; following the argument of Alon and Milman, Sinclair and Jerrum
[SJ89] and Lawler and Sokal [LS88] prove the above relation between conductance
2

and second eigenvalue of the normalized Laplacian (in their setting, one minus the
second eigenvalue of the random walk on the graph, which is the same). The work of
Dodziuk and of Alon and Milman follows Cheeger’s proof of his inequality concerning
Riemann manifolds [Che70].
√
Importantly, the proof that φ(G) ≤ 2λ2 is constructive, in√the sense that given
an eigenvector of λ2 one finds a cut of expansion at most 2λ2 in nearly linear
time. The algorithm to find such a cut was first described by Fiedler [Fie73] and it
has been widely used in practice. The work of Dodziuk was motivated by the goal
of studying discrete analogs of results in Riemann geometry, the work of Alon and
Milman was motivated by the goal of finding necessary and sufficient conditions for
graph expansion, and the work of Sinclair and Jerrum and of Lawler and Sokal was
motivated by the goal of understanding the mixing time of random walks. I am not
sure at what point it was realized that the discrete Cheeger inequalities could be seen
as a worst-case analysis of the quality of the cut produced by Fiedler’s algorithm; the
1996 Spielman-Teng paper on planar graphs [ST96] takes it as a long established fact
and refers to [AM85, SJ89].
Some of the results that we discuss below have only been proved in the case of
regular graphs, but generally speaking all the techniques being used have natural
generalizations to the case of irregular graphs.
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Graphs in which λk is large

The theme of several results concerning graphs with large λk is that they are easy
instances for approximation algorithms.
This was first realized by Kolla [Kol10], who proved that if one has an instance
of Unique Games in which the associated label-extended graph has a sufficiently
large value of λk then, under an additional assumption on the smoothness of the
corresponding eigenvector, one can find a good approximation in time polynomial in
the input size and exponential in k via the technique of subspace enumeration.
Arora, Barak and Steurer [ABS10] give a simpler proof of this result, without the
smoothness requirement; combined with their “higher order Cheeger inequality” (see
below), this gives their sub-exponential algorithm for small-set expansion and unique
games.1
Concerning the approximation of conductance, Arora, Barak and Steurer show that
one can get a O(1/λk )-factor approximation in time exp(O(k)) · nO(1) .
Barak, Raghavendra and Steurer [BRS11] show that one can use semidefinite pro1

The paper of Arora, Barak, and Steurer, establishing properties of graphs in which λk is small,
as well as properties of graphs in which λk is large, was the catalyst for much of the work on higher
eigenvalues described in this document.

3

gramming to replicate the trade-off between running time and spectral assumption
in the Arora-Barak-Steurer algorithms.
Guruswami and Sinop [GS13] show that the subspace enumeration algorithm of Arora,
Barak and Steurer can be combined with an algorithm of Andersen and Lang [AL08]
to show that if λk is a sufficiently large constant times φ(G), then one can find
a constant factor approximation of φ(G) in time exp(O(k)) · nO(1) . For example,
if λk > 16usc(G) then one finds 4-approximation of usc(G). Using hierarchies of
semidefinite programs, Guruswami and Sinop prove that there is a constant c such
that if λk > c−1 usc(G) then a (1 + )-approximation of usc can be found in time
exp(O(k/2 )) · nO(1) .
Kwok et al. [KLL+ 13] prove that there is a constant c such that, for every k, if SF is
the cut found by Fiedler’s algorithm using an eigenvector of λ2 , one has the refined
Cheeger inequality
λ2
(2)
φ(G) ≤ φ(SF ) ≤ c · k · √
λk
which means that, in graphs in which λk is large for small k, one has an improved
analysis of Fiedler’s algorithm compared to what comes out of the standard Cheeger
inequality.
Oveis-Gharan and Trevisan [OT13a] show that the ARV relaxation
of conductance
√
[ARV04] can be rounded with an approximation ratio of O( log k) provided that
λk ≥ c · (log k)2.5 · φ(G), where c is an absolute constant.
Oveis-Gharan and Trevisan [OT13b] show that graphs in which λk is large for small
k satisfy a weak regularity Lemma in the sense of Frieze and Kannan [FK96], and
this, together with the Frieze-Kannan algorithms, recovers weaker versions of the
approximation algorithms in [BRS11, GS13].
Arora, Ge and Sinop [AGS13] show that for every  there is a c such that one get a
(1 + ) approximation
√ to usc
√G in time polynomial in n and exponential in k, provided
that SSE 1 (G) > c log k log n · uscG . Oveis-Gharan and Trevisan [OT13a] prove
k
that constant-factor
is possible in the same running time provided
√ approximation
√
that φk (G) > c · log k · log n · log log n · uscG .
The algorithms in [BRS11, GS13, KLL+ 13, AGS13, OT13a] rely on the fact that, in
graphs in which λk is large, certain convex relaxations have “structured” optimal and
near-optimal solutions, which are easier to round than general solutions. The algorithms in [ABS10, OT13b] rely on the fact that near-optimal combinatorial solutions
have a special form, and one can do complete enumeration over solutions having that
form. It is not clear if there is a unified way of thinking about such algorithms.
A property of graphs in which λk is large is that the vertex set can be covered by
sets of vertices each inducing an expander. In particular, Oveis-Gharan and Trevisan
[OT14] prove that, in every graph, there exists a partition of the vertices into ` ≤ k
sets (S1 . . . , S` ) such that, if we call Gi the subgraph induced by the vertex set Si , we
4

have φGi ≥ Ω(λk /k 2 ).
Meka, Moitra and Srivastava [MMS] prove that one can cover a 1 −  fraction of
the vertices with t = O (k) disjoint sets S1 , . . . , St , such that each set Si induces a
subgraph Gi such that φ(Gi ) ≥ Ω (λk / log k).
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Graphs in which λk is small

If λk = 0, then the graph has at least k connected components, that is, there is a
partition of the vertices into k subsets such that each of them has conductance zero.
Note also that one of them has size at most n/k. The following definitions allow us
to formalize robust versions of this fact.
Define the order-k conductance of a collection of disjoint sets S1 , . . . , Sk as
φk (S1 , . . . , Sk ) := max φ(Si )
i

and the order-k conductance of a graph as
φk (G) =

min

S1 ,...,Sk disjoint, nonempty

φk (S1 , . . . , Sk )

we can also define the oder-k conductance for partitions of a graph as
φpk (G) =

min

S1 ,...,Sk partition of V

φk (S1 , . . . , Sk )

Define also the small-set conductance at density δ of a graph as
SSEδ (G) =

min

φ(S)

S⊆V,vol(S)≤δvol(V )

Clearly one has
SSE 1 (G) = φk (G)
k

Note that for k = 2 one has φ2 (G) = φp2 (G) = φ(G). In general one has
φk (G) ≤ φpk (G) ≤ O(k) · φk (G)
and
φpk (G) ≤ O(−1 ) · φk·(1+) (G)
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Arora, Barak and Steurer [ABS10] prove
s
SSE 1 ·nγ ≤
k

λk

(3)

γ O(1)

Miclo [Mic08] defines the quantity φpk and observes
λk
≤ φpk
2
Lee, Oveis-Gharan and Trevisan [LOT12] prove
φk ≤ O(k 2 ) · λk
which gives the higher-order inequalities conjectured by Miclo
p
λk
≤ φk ≤ O(k 2 ) · λk
2
and

p
λk
≤ φpk ≤ O(k 3 ) · λk
2

Louis et al. [LRTV12] and Oveis-Gharan, Lee and Trevisan [LOT12] prove that, for
a constant c > 1, we have
p
p
φk ≤ O( log k) · λck
Up to the choice of the constant c, the above upper bound applies also to φpk .
Lee, Oveis-Gharan and Trevisan [LOT12] prove that one can find k disjointly supported vectors such that each of them has Rayleigh quotient k O(1) · λk . It would be
interesting to show that one can find, say,
√ k/2 disjointly supported vectors such that
each of them has Rayleigh quotient O( log n · λk ).
It would be interesting to have an approximation of φk up to a factor dependent only
on a function of the size of the input and of k. Louis and Makarychev [LM14] provide
a bi-criteria approximation as follows: they are able to find√ disjoint
√ sets S1 , . . . , Sk
(or, equivalently, a partition) such that φk (S1 , . . . , Sk ) ≤ O( log k log n) · φck , for a
constant c > 1.
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Graphs in which λk is small and λk+1 is large

Tanaka [Tan12] proves that if φk+1 > 3k+1 φk , then there is a partition of V into k
sets S1 , . . . , Sk such that each set has small conductance, but also each set induces a
subgraph of large expansion, that is, we have
∀i ∈ {1, . . . , k} :

φGi ≥ 3−(k+1) φk+1 ,
6

φ(Si ) ≤ 3k φk

where Gi is the vertex-induced subgraph of G induced by Si . The result is nonalgorithmic. Because of the higher-order Cheeger inequalities mentioned
above, a
√
k+1
3
k+1
sufficient condition for φk+1 > 3 φk is to have λk+1 > c · k · 3
λk , for a certain
constant c.
Kannan, Vempala, Vetta [KVV04] argue that a partition of the vertices into a family
of subsets such that each set has small conductance in the graph but induces a
subgraph of large conductance is a good clustering of the graph.
Oveis-Gharan and Trevisan [OT14] show that if φk+1 > (1 + )φk , then there is a
partition of the vertices into k subsets (S1 , . . . , Sk such that

· φk+1 , φ(Si ) ≤ kφk
∀i ∈ {1, . . . , k} : φGi ≥ Ω
k
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Graphs in which λn is large

Recall that we have
P
λn = maxn
x∈R

{u,v}∈E

P

v

|xu − xv |2
dv x2v

P
= 2 − minn

{u,v}∈E

x∈R

P

v

|xu + xv |2
dv x2v

Graphs in which λn = 2 are such that there is a connected component (possibly, the
entire graph) which is bipartite. We define a combinatorial quantity which is zero
when the graph has a bipartite connected component, and which, in general, measures
the “distance” from such a situation. Following [Tre09], we call it the bipartiteness
ratio β(G).
For a vector z ∈ {−1, 0, 1}, we define
1
β(z) =
2

P

{u,v}∈E

P

v

|zu + zv |

dv |zv |

A more combinatorial view of the above function is that we can view z as defining
a subset S ⊆ V and a bipartition (B, S − B) of S, and the parameter β counts the
number of edges in the subgraph induces by S that are not cut by the partition, and
adds half of the edges leaving S; the quantity is normalized by dividing by the volume
of S.
We have the Cheeger-like inequalities [Tre09] (also later rediscovered by Bauer and
Jost [BJ13]):
p
2 − λ2
≤ β(z) ≤ 2 · (2 − λn )
2

7

Liu [Liu14] formulates a higher order Cheeger inequality for λn−k analogous to the
theory described above for λk .

6

Hypergraphs?

It would be excellent to have an algorithmic “spectral” theory for hyper-graphs.
A bottleneck for such a theory is that one of the problems that are addressed by
spectral graph theory is conjectured to be intractable for hypergraphs: given a sparse
random graph, one can efficiently certify that it is “quasirandom” in the sense that
it satisfies the expander mixing lemma via spectral. Certifying quasirandomness of
sparse hypergraphs, however, would contradict Feige’s conjecture on the intractability
of certifying unstatisfiability of sparse random instances of 3SAT.2
Friedman and Wigderson [FW95] define a non-algorithmic spectral theory of hypergraphs. Louis [Lou14] describes an algorithmically treatable spectral theory of
hypergraphs, which includes an analog of Cheeger’s inequality.
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